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Computer vision Big data
Black box

Machine translation

Scientific Machine Learning: Learning from Small Data
5D Law: Dinky, Dirty, Dynamic, Deceptive Data
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Computer vision Big data
Black box

Machine translation

Scientific Machine Learning: Learning from Small Data
5D Law: Dinky, Dirty, Dynamic, Deceptive Data

Scientific domain knowledge
e.g., physical principles, constraints, symmetries, computational simulations

Accurate, Robust, Reliable, Interpretable, Explainable

Lu Lu (Penn CBE, PICS) DeepONet VALSE, June 2022 2/33



Data & Physics

Three scenarios:

Karniadakis*, Kevrekidis*, Lu*, et al., Nature Rev Phys, 2021
Small Data

Some Data

Big Data
Data
Physics
Lots of Physics ~ Some Physics No Physics
Lots of physics—Forward problems
1 Finite difference/elements

Some physics—Inverse problems
1 Physics-informed neural network (PINN)
1 Deep neural operator (DeepONet)
1 Multifidelity learning

No physics—System identification/discovery
1 Deep neural operator (DeepONet)
Lu Lu (Penn CBE, PICS)
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From function to operator

Function: R% — R4

e.g., image classification: — 5

Operator: function (oo-dim) +— function (oco-dim)
e.g., derivative (local): x(t) — X'(t)
e.g., integral (global): x(t) — [ K(s, t)x(s)ds

e.g., dynamic system:

e.g., biological system
e.g., social system
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From function to operator

Function: R% — R4

e.g., image classification: — 5

Operator: function (oo-dim) +— function (oco-dim)
e.g., derivative (local): x(t) — X'(t)
e.g., integral (global): x(t) — [ K(s, t)x(s)ds

e.g., dynamic system:

e.g., biological system
e.g., social system

= Can we learn operators via neural networks?
= How?
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Problem setup
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Universal Approximation Theorem for Operator

G:u2V C(Kq) 7'G(u) 2 C(K3y)
Gu):y2 RI7IG(u)(y) 2 R

Suppose that is a continuous non-polynomial functiolX is a Banach
SpaceK; X,K, RYaretwocompact sets iiX andRY, respectively,
V is a compact set irC(K 1), Gis a continuous operator, which mapé
into C(K»2).

Then for any > 0, there are positive integens, p, m, constants
5 S k2R W 2R, X 2Ky, i =150, k=150,

0 1
X X xn
G(u)(y) & @  Kuxp)+ KA (we v+ i) <
k=1 i=1 i=1

holds for allu2 V andy 2 K.
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Operator learning

G:u2V C(Ky) 7'G(u) 2 C(K2)
Gu):y2 RI7IG(u)(y) 2 R

Output function: No discretization & Mesh-free

Lu et al., Nature Mach Intell, 2021
VALSE, June 2022 7/33



Deep operator network (DeepONet)

Lu et al., Nature Mach Intel] 2021

X
G )

branch trunk

Idea: G(u)(y): a function ofy conditioning onu
tk(y): basis function ofy
b (u): u-dependent coe cient, i.e., functional olu
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Explicit operator: A simple ODE case

ds(x) _ , Lq1 —
4 = Ut x2[01] s0)=0

Zy
G:u(x) 7! s(y) = s(0) + . u( )d

Very small generalization error!

Lu et al., Nature Mach Intell, 2021
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Implicit operator: Gravity pendulum with an external for
ﬁ-S' @- ksinsy + u(t)
da ~ 7% dt !

G:u(t) 7! s(t)

Test/generalization error:
small dataset: exponential convergence
large dataset: polynomial rates
larger network has later transition point

Lu et al., Nature Mach Intell, 2021
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Implicit operator: Di usion-reaction system

@s_ | @s 2 . - .
ot D@+ ks®+ u(x); x2[0;1];t2 [0;1]

# Training points = #u P

Small dataset:
Exponential convergence

Large dataset:
Polynomial convergence

Lu et al., Nature Mach Intell, 2021
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Stochastic PDE

Consider the elliptic problem with multiplicative noise
div(eXr u(x;1)) = f(x); x2 (0;1)

with zero boundary conditiond, (x) = 10.
Stochastic procesi(x;!) GP (0; 2exp(k x1 x2k?=212))

G:b(x;!) 7 u(x;!)

Ideas:

Karhunen-Leve (KL) expansionb(x;! ) P N P e ()
branct‘bnet inputs:}g)p Tei(x); 2e(X);ii nen(X)]2RN M,
where” “je(x)= = i[ei(x1);e(x2);i e (Xm)] 2 R™

Lu et al., Nature Mach Intell, 2021
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Stochastic PDE

Example: 10 di erent random samples ofx;! ) for b(x;! ) with | = 1:5

Lu et al., Nature Mach Intell, 2021
VALSE, June 2022 13/33



High-Mach boundary layers

Clark Di Leoni, Lu, et al., arXiv:2105.08697 o = = T waco




Multiphysics & Multiscale problems

Electroconvection problem
Stokes equation

@ 2
— = I p+ru = ef
at P 22 ¢
r- u=0
Electric potential
22r2 = o=z(c" c¢)

lon transport equation
@c _ ;
@t

J =cur c cr

J

Cai, Wang, Lu, et al., J Comput Phys 2021

2 [5;75]

u: velocity
p: pressure

. electric potential

e free charge density
C . cation/anion concentrations
J oux
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Physics decomposition via 6 DeepONets

Cai, Wang, Lu, et al., J Comput Phys 2021 o I - E Da0




DeepM&Mnet: DeepONets coupling
Parallel DeepONets

Loss function:
L= dldata* olopt rla( )
X 1 Nor o o2
Lop = S V) vty
Vof juvipe *ic g 0P i=1
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E%tensions of DeepONet

— B Features
Branch net ipjscretization

FNN
Evaluation
CNN

v(x) — - -

Trunk net {7 5" @)—»g(v)(f)

C
v(x) Branch net

&—

W)

- Extra feature expansion ¢ Trunk net

- PCA/POD I

Extra features in the trunk net and the branch net
Hard-constraints for Dirichlet and periodic BCs

POD-DeepONet: POD modes of the training data as the trunk net
New DeepONet scaling

Multiple outputs

Fast implementation of DeepONet @
Lu et al., Comput Methods Appl Mech Eng, 2022
Lu Lu (Penn CBE, PICS) DeepONet VALSE, June 2022 18/33




Extensions of DeepONet

16 problems
Section | Problems
§5.1 Burgers’ equation
§5.2 5 Darcy problems in a rectangular domain andcomplex geometries)
§5.3 Multiphysics electroconvection problem 77777777
§5.4.1 3 Advection problems
§5.4.2 Linear instability waves in high-speed boundary layers
§5.4.3 Compressible Euler equation with non-equilibrium chemistry
§5.5 Predicting surface vorticity of a flapping airfoil
85.6 Navier-Stokes equation in the vorticity-velocity form
§5.7 2 problems of regularized cavity flows

Lu et al., Comput Methods Appl Mech Eng, 2022
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Darcy problem in a triangular domain with notch
Darcy flows with K(X,y) =0.1 and f = —1:

Truth

DeepONet

-V (KX, y)Vh(x,y)) = f

dgFNO+

POD-DeepONet
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Lu et al., Comput Methods Appl Mech Eng, 2022
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Learning multiple-input operators
Single-input operator:
G: X=Y, v—=u
Q: PDE solution operator mapping from both IC and BC to the solution?

Multiple-input operator defined on the product of Banach spaces:

G Xy xXox--xX,—=Y, (Vi,---,V,)— U

Theorem (Jin, Meng, Luf, arXiv:2202.06137)
Suppose that Xq,---,X,,Y are Banach spaces, K; C X; are compact,

and X; have a Schauder basis with canonical projections P} =y}, o ¢L.
Assume that G : K; x --- x K, — Y is a continuous operator, then for
any [ 0, there exist positive integers p;, g;, continuous vector functions
g; € C(R%,RP), and u = (uj,...,) € Y1 >Pn st

v, EK;

sup GV, -+ V) = U (81 (g, (V). Qa9 (va))) | < I

}

— oyt
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MIONet: Learning muliiple-input operators

G W)= [fy) giC VL ol B )+ b

trunk branch; branchn
MIONet with a low-rankytensor approximation 1
Vi,V =S *1v (Y X+b
GV 5va)(Y) 1(' 3,(v0) on( 5,0 ()
branch; branchp trunk

Jin, Meng, Lu, arXiv:2202.06137
VALSE, June 2022 22/33



Example: Advection-di usion system

@u_@u @U . 11 11
@t @x D (x ) 7 X 2[0;1]; t2[0;1];
PBC, ICug(x) = u(x; 0) = fl(smz( X))
G:(Djug) 7' u

Jin, Meng, Lu, arXiv:2202.06137
VALSE, June 2022 23/33



Multi delity learning

Challenge: A large high- delity dataset is often di cult to obtain.

No Data Left Behind.

Examples:

Aircraft design Sea surface temperature forecast

High delity: Experiment High delity: In-situ measurements
Low delity: Simulation Low delity: Satellite

Lu Lu (Penn CBE, PICS) DeepONet
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Multi delity learning
Challenge: A large high- delity dataset is often di cult to obtain.

Idea:
High- delity dataset &mall and high accuracy)
n 0
Th = ViH;uiH = & ViH i=1;2;:Ny
I Fine mesh; experiments, 3D simulations
Low- delity dataset (arge and low accuracy)
n 0
L= ViL;uiL =G ViL i=1;2;:5N

I Coarse mesh; 2D simulations

Lu- et al., Phys Rev Researgi2022
VALSE, June 2022 25/33



Multi delity DeepONet

LearnG from T_ via DeepONat
LearnGy from Ty

Residual learning

R(V)()=GW() GL(v()
LearnR via DeepONaet

Input augmentation
Use low- delity prediction as an input of DeepONgt

I |. Entire function G_ (v)
Gi(V( )= Q(v;&G(V)()

I 1I. Point predictionG_ (v)( )
Gi(V()=QM(; G (W)

Lu- et al., Phys Rev Researgi2022
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Multi delity DeepONet

Residual learning & Input augmentation (I1)

DeepONe
Z— | —
Gi(v)( )= G*Q’z)( ; F(V)( ;{(;_(v)( )1
DeepONet. DeepONety
Error of the multi delity DeepONetEg, :
EGH E G + ER

Lu- et al., Phys Rev Research2022
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Nondi usive heat transport in nanostructured materials

Phonon Boltzmann-transport (BTE) equation

0
v rf (r)= —f 0 70

. index of the phonon wave vector (50) and polarization (48)
v : phonon group velocity

. intrinsic scattering time
f (r): nonequilibrium phonon distribution
fO(r): equilibrium distributionf °(r) = P o of or)

A PDE system o050 48 = 24000 coupled equations

P
Goal: Heat ux J= 3% Cv f

Lu- et al., Phys Rev Researgi2022
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Nondi usive heat transport in nanostructured materials
Each square can be a pore without any material.
Learn the ux for di erent locations of pored 0; 1g%°.

2?5 34 10’ possibilities

Data ( nite-volume method by OpenBTE software)
I High- delity : 5 iterations, 1000 solutions
I Low- delity : 2 iterations, 10000 solutions

Di erent geometry has di erent mesh.DeepONet is mesh-free.

Lu- et al., Phys Rev Research2022
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E [edtiveness of multi [ddlity learning

Improve the accuracy by one order of magnitude

T T T
102 k
@
9 103
s 10
g
[
104
= = Low- delity A Input aug.
—=— High- delity == Res. & Input aug.
s Residual )
10% 3o 100 1000

No. of training data

When high-fidelity data is 1000,

3.34+0.01% < 1.72 £ 0.02% + 2.72 + 0.01%..
& & &R

H L

Lu® et al., Phys Rev Research, 2022
Lu Lu (Penn CBE, PICS) DeepONet VALSE, June 2022

30/33



E [edtiveness of multi [ddlity learning

Reference Prediction Error
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Lu® et al., Phys Rev Research, 2022
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