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Great Empirical Success of Deep Models



Representation Learning
What’s the difference between models 

before/after deep learning era?

Linear Regression Deep Models

Better representation 
is learned!

𝒙

𝒚

𝒙

𝒚



Contrastive Learning (CL) is Popular

Multi-layer network 𝜽

Contrastive Loss

Multi-layer network 𝜽
Data Augmentation

𝒙𝟎[𝑖] ∼ 𝑝(⋅)

𝒙[𝑖], 𝒙[𝑖′] ∼ 𝑝"#$(⋅ |𝒙𝟎[𝑖])

𝒙[𝑖]

𝒙[𝑖′]

𝒇[𝑖]

Output

𝒇[𝑖′]



Formulation of Contrastive Learning

Minimize 
distance 𝑑!

Maximize 
distance 𝑑!"

Current 
Sample

Positive 
Sample

Negative 
Sample

𝒇[𝑖]

𝒇[𝑖′]

𝒇[𝑗]

Intra-view distance 𝑑#$ = 𝒇 𝑖 − 𝒇 𝑖% $
$/2

Inter-view distance 𝑑#&$ = 𝒇 𝑖 − 𝒇 𝑗 $
$/2

InfoNCE loss:

ℒ'() ≔ −𝜏1
#*+

,

log
exp(−𝑑#$/𝜏)

𝜖 exp −𝑑#$/𝜏 + ∑&-# exp(−𝑑#&$ /𝜏)



Existing Understanding of contrastive learning

• Maximize the mutual information MI(𝑓, 𝑓’)
• 𝑓 and 𝑓’ are two views of the same instance. 

• Optimize Lower/Upper bound of mutual information MI(𝑓, 𝑓’)
• InfoNCE loss (lower bound). 

• Assume certain black-box function classes
• No much understanding beyond the structure of loss function. 



A family of contrastive losses

General Loss function we consider (𝜙,𝜓 are monotonous increasing functions)

Intra-view distance 𝑑#$ = 𝒇 𝑖 − 𝒇 𝑖% $
$/2

Inter-view distance 𝑑#&$ = 𝒇 𝑖 − 𝒇 𝑗 $
$/2

𝒙[𝑖] 𝒙[𝑖′]

𝒇[𝑖] 𝒇[𝑖′]

𝒙[𝑗]

𝒇[𝑗]

𝑑%& 𝑑%'&

ℒ0,1

Multi-layer network 𝜽
min
𝜽
ℒ0,1(𝜽) ≔/

345

6

𝜙 /
783

𝜓(𝑑39 − 𝑑379 )

[Y. Tian, Understanding Deep Contrastive Learning via Coordinate-wise Optimization, arXiv]



Example: InfoNCE

𝜙 𝑥 = 𝜏 log(𝜖 + 𝑥)

= 𝜏/
345

6

log 𝜖 +/
783

exp
𝑑39 − 𝑑379

𝜏

𝜓 𝑥 = exp 𝑥/𝜏

ℒ:;< ≔ −𝜏/
345

6

log
exp(−𝑑39/𝜏)

𝜖 exp −𝑑39/𝜏 + ∑783 exp(−𝑑379 /𝜏)



A general family



Coordinate-wise Optimization

Max-player 𝜽
Learns the representation to maximize constrativeness.

Min-player 𝜶
Find distinct sample pairs that share similar representation (hard negative pairs)

Claim: Minimizing ℒ0,1 ó Coordinate-wise optimization: 

𝛼! ≔ argmin
"∈𝒜

ℰ" 𝜽! −ℛ 𝛼

𝜽!%& ≔ 𝜽! + 𝜂∇𝜽ℰ"! 𝜽!



The Energy Function ℰ' 𝜽

Σ. ≔1
#,&

𝛼#& 𝒙[𝑖] − 𝒙[𝑗] 𝒚 𝑖 − 𝒚[𝑗] 0

Σ123 ≔1
#

1
&-#

𝛼#& 𝒙[𝑖] − 𝒙[𝑖%] 𝒚[𝑖] − 𝒚[𝑖%] 0

Inter-sample

Intra-sample

The contrastive covariance ℂ=[𝒙, 𝒚] := Σ> − Σ?@A

The energy ℰ= is defined as the trace of contrastive covariance ℂ=:

ℰ" 𝜽 ≔ tr ℂ"[𝒇𝜽 𝒙 , 𝒇𝜽 𝒙 ]



Intuition of contrastive covariance ℂ' 𝒇, 𝒇

The contrastive covariance term ℂ= 𝒇 𝒙 , 𝒇(𝒙) has intuitions:

When 𝛼 is uniform and batch size 𝑁 → +∞, then

ℂ" 𝒇(𝒙) → 𝕍𝒙"∼* ⋅ 𝔼𝒙∼*#$% ⋅ 𝒙, [𝒇 𝒙 |𝒙,]

Therefore, it becomes variance. Define ℂ= 𝒇 ≔ ℂ= 𝒇, 𝒇



How min player 𝛼 is determined?

where the feasible set

If 𝜓 𝑥 = 𝑒B/D, then we have

and entropy regularization term ℛ 𝛼 ≔ 2𝜏∑3456 𝐻(𝛼3⋅)

𝛼(𝜽) ≔ argmin
"∈𝒜

ℰ" 𝜽 − ℛ 𝛼

𝜉% ≔G
'(%

𝜓(𝑑%& − 𝑑%'& )

𝒜 ≔ 𝛼: ∀𝑖,1
&-#

𝛼#& = 𝜏4+𝜉#𝜙% 𝜉# , 𝛼#& ≥ 0



Different Losses, Same Energy Function

Different loss functions 𝜙,𝜓 corresponds to the same energy function 𝓔
How the min player 𝜶 operates are different.



The intuition of pairwise importance 𝛼

For infoNCE with 𝜖 = 0, solving the optimization problem yields:

𝛼!"(𝜽) =
exp −𝑑!"# /𝜏

∑"$! exp −𝑑!"# /𝜏

We put more weights on small 𝒅𝒊𝒋, i.e., distinct samples with similar representations



Proposed: Pair-weighed CL (𝜶-CL)

𝜽!%& = 𝜽! + 𝜂∇𝜽ℰ-. "! (𝜽!)

𝛼% = 𝛼(𝜽%)Pairwise importance

Optimize network parameter 𝜽 using gradient ascent of the energy function ℰ

𝛼 can be either optimized by a separate loss function, or directly specified



Roadmap of 𝛼-CL

𝛼-CL
ℰ" 𝜽 ≔ tr ℂ"[𝒇𝜽 𝒙 ]

min
𝜽
ℒ5,6(𝜽)

Minimization of various CL losses

Dynamics of 𝜽 with fixed 𝛼
in the linear setting

Dynamics of 𝜽 with fixed 𝛼
in the nonlinear setting

Dynamics of 𝜽 with changing 𝛼

Applications

Understanding

Finding the best 𝛼 = 𝛼(𝜽) for performance gain

Receptive field specific 𝛼

More applications (e.g., CL in GNN)

✔

✔?

??

Hierarchical representation learning??



Initial Experimental Results



Analysis of the Dynamics in CL with fixed 𝛼
Shouldn’t contrastive SSL make full use of all dimensions? The answer is No…

Two puzzling questions: 
1. Why contrastive SSL still has collapsing issues?
2. Why 𝐿 = 1 doesn’t have collapsing, but 𝐿 ≥ 2 has the issue?

DirectCLR [L. Jing, P. Vincent, Y. LeCun, Y. Tian, Understanding Dimensional Collapse in Contrastive Self-supervised Learning, ICLR’22]

Dimensional Collapsing



One-layer dynamics

W

W

d𝑊
dt

= 𝑊ℂ&[𝑥]

The dynamics can be written down as follows:

If ℂ?[𝑥] has negative eigenvalues, 
then W will be low-rank  

(will not happen in large batchsize + uniform 𝛼)

Linear Model

InfoNCE loss



2-layer linear model still yields Dimensional Collapsing

• What if ℂ=[𝑥] is PSD?
• Still dimensional collapsing for deep models.  

𝑊# 𝑊$x z

1. 𝑊# and 𝑊$ will align with each other.
2. The dynamics of their singular values satisfy

𝜎#% and 𝜎$% grow much faster for k if 𝑣#%
&𝑋𝑣#% is large. 



DirectCLR

• If things are aligned, why not let them align directly?

DirectCLR [L. Jing, P. Vincent, Y. LeCun, Y. Tian, Understanding Dimensional Collapse in Contrastive Self-supervised Learning, ICLR’22]



Deep linear case with fixed 𝛼

If 𝒇𝜽(𝒙) = 𝑊 𝜽 𝒙, then it reduces to PCA objective



Deep linear case with fixed 𝛼

If 𝒇𝜽(𝒙) = 𝑊M𝑊MN5…𝑊5𝑥, then almost all local optima are 
global and it is PCA

All 𝑊D has rank-1 structure 



Summary

• If we fixed 𝛼 and 𝒇𝜽(𝒙) is a linear mapping, then
• The max player max

𝜽
ℰ? 𝜽 = max

E
ℂ? 𝒇𝜽(𝒙) becomes PCA

• If 𝒇𝜽 𝒙 = 𝑊F𝑊F4+…𝑊+𝒙, then all 𝑊D becomes rank-1 



Nonlinear Setting

CL with linear model connects with classic approaches.

Where does the magic of deep models come from? 

[Y. Tian, Understanding the Role of Nonlinearity in Training Dynamics of Contrastive Learning, arXiv]

Nonlinearity!



Overview of Nonlinear Analysis

• One and Two-layer nonlinear networks

• Homogenous activations: ℎ 𝑥 = ℎO 𝑥 𝑥
• Linear, ReLU, leaky ReLU and monomial activations ℎ 𝑥 = 𝑥G (with additional 

constant)

• Training Dynamics / Critical Point Analysis
• Statistics of local optima.
• Dynamics of weights during training 

[Y. Tian, Understanding the Role of Nonlinearity in Training Dynamics of Contrastive Learning, arXiv]



Nonlinear Setting

1-layer network
𝒙

𝒘

ℎ(𝒘)𝒙)
max
𝒘 &0&

ℂ" 𝑓𝜽 = ℂ"[ℎ(𝒘1𝒙)]

One-layer nonlinear network: 𝑓𝜽(𝒙) = ℎ(𝒘R𝒙)

[Y. Tian, Understanding the Role of Nonlinearity in Training Dynamics of Contrastive Learning, arXiv]



Nonlinear Setting

1-layer network
𝒙

𝒘

ℎ(𝒘)𝒙)
max
𝒘 &0&

ℂ" 𝑓𝜽 = ℂ"[ℎ(𝒘1𝒙)]

One-layer nonlinear network: 𝑓𝜽(𝒙) = ℎ(𝒘R𝒙)

[Y. Tian, Understanding the Role of Nonlinearity in Training Dynamics of Contrastive Learning, arXiv]

Homogeneity: ℂ= ℎ 𝒘R𝒙 = 𝒘Rℂ= W𝒙𝒘 𝒘
S𝒙𝒘 ≔ 𝒙 ⋅ ℎ′(𝒘)𝒙) is the gated data point

Similar to covariance matrix in PCA, 
but now the matrix is not constant.



Nonlinear Setting

1-layer network
𝒙

𝒘

ℎ(𝒘)𝒙)
max
𝒘 &0&

ℂ" 𝑓𝜽 = ℂ"[ℎ(𝒘1𝒙)]

One-layer nonlinear network: 𝑓𝜽(𝒙) = ℎ(𝒘'𝒙)

[Y. Tian, Understanding the Role of Nonlinearity in Training Dynamics of Contrastive Learning, arXiv]

Homogeneity: ℂ( ℎ 𝒘'𝒙 = 𝒘'𝐴 𝒘 𝒘
)𝒙𝒘 ≔ 𝒙 ⋅ ℎ′(𝒘)𝒙) is the gated data point

max
- !./

𝒘'𝐴 𝒘 𝒘



1-layer 1-node nonlinear network

Const 𝐴(𝒘)

𝜙+

Changing 𝐴(𝒘)

𝜙+(𝒘)

Linear Non-linear

𝜙+(𝒘): Largest eigenvector of 𝐴 𝒘 = ℂ? Y𝒙𝒘

max
- !./

𝒘'𝐴 𝒘 𝒘

Multiple largest eigenvectors!



1-layer 1-node nonlinear network

Changing 𝐴(𝒘)

if 𝐴 𝒘∗ 𝒘∗ = 𝜆∗𝒘∗, and 𝜆31J 𝐰∗ > 𝐿.
A pattern 𝒘∗ is dynamically stable (𝐿 is Lipschitz constant)

There exists multiple patterns in the data
1. Linear model cannot capture (only one PCA dimension)
2. With the nonlinearity, the model can capture them. 



1-layer multiple node nonlinear network

max
𝒘" !./
/1213

tr ℂ( 𝒇𝜽 = /
2./

3

max
𝒘" !./

𝒘2
'𝐴(𝒘2)𝒘2

Network 𝒇𝜽(𝒙) = ℎ(𝑊𝒙)

Independent one node objective

1-layer network

𝒙

ℎ(𝒘𝒌
)𝒙)

𝒘𝒌

𝑊 =

𝒘/
4

⋯
𝒘2
4

⋯
𝒘3
4

𝑘-th filter 



𝒘'(0)

1-layer multiple node nonlinear network

𝒘#(0)

𝒘# 𝒘$

𝒘'

𝒘#
𝒘$

𝒘'

𝒘(

𝒘(

𝒘#(0)

𝒘$(0) 𝒘'(0)

𝒘((0)

𝒘$(0) 𝒘((0)

Linear model
1. Every 𝒘- converges to the global maximal 
eigenvector
2. More nodes do NOT help.

Nonlinear model
1. Each 𝒘- can converge to different patterns
2. More nodes with diverse initialization learn more 

patterns!



2-layer nonlinear networks

𝒙+ 𝒙$ 𝒙M

𝑉

𝑊 {𝑤#)} {𝑤$)} {𝑤')}

{𝑓#)}

𝑅+ 𝑅& 𝑅.

Multiple nodes covering 
the same receptive field

Multiple receptive fields

𝒘'(

Receptive 
field 𝑅-

𝑚-th weight at 
receptive field 𝑅-
(1 ≤ 𝑚 ≤ 𝑀)

Notation



Assumptions

• 1. Uniform 𝛼, 𝑁 → +∞, no augmentation è ℂ( 𝑓 = 𝕍 𝑓
• Technical condition to make the analysis more concise. 

• 2. Fast training on the top layer è 𝑆 ≔ 𝑉4𝑉 is rank-1

• 3. Conditional Independence è ℙ 𝒙 𝑧 = ∏2./
3 ℙ 𝒙2 𝑧



Conditional Independence 𝑅+ 𝑅$

𝑅M 𝑅R

𝑧 = 0 𝑧 = 1 𝑧 = 2There exists categorical variable 𝑧 (of cardinality 𝐶) 
so that

𝒙

ℙ 𝒙 𝑧 =>
')*

+

ℙ 𝒙' 𝑧



What linear network cannot do

d𝒘'(

d𝑡
= 𝑠'(𝒃'(𝑊, 𝑉)

With linear activation, we have

For a receptive field 𝑅S, the gradients of all its weights are co-linear.
è No diverse feature can be learned.

Nonlinear network will not have such constraints.



Global modulation

𝐶 = 2,𝑀 = 1 case (binary 𝑧, one filter at one receptive field)

𝐿' ≔ 𝔼,𝕍[H𝒙'|𝑧], lower-layer 𝐴(𝒘) matrix, 𝑑2 = 𝒘2
4𝐿2𝒘2

Δ' ≔ 𝔼 H𝒙' 𝑧 = 1 − 𝔼 H𝒙' 𝑧 = 0 , global modulation
à Features that help discriminates the variable 𝑧 are encouraged. 

d𝒘2

d𝑡 = 𝑠23𝐿2 +
1

𝑍3(𝜆 − 𝑑2)
Δ2Δ24 𝒘2



“Feature Emergence”

• During CL training, no specification of the hidden variable 𝑧. 

• However, CL automatically prioritizes features that are sensitive to 𝑧.
• 𝐿S + ΔSΔS0 , where ΔS ≔ 𝔼 Y𝒙S 𝑧 = 1 − 𝔼 Y𝒙S 𝑧 = 0

𝐿% + 𝒖*𝒖*&
𝐿%

𝐰% = 𝒖*



Experiment Setting

Generator
(a pool of 40 generators)

**C*B*A*D*

ACCEBDAFDG

CFCFBEABDA

Input sequence Input 𝒙

concat(𝒖+, 𝒖, , 𝒖, , 𝒖- , … , 𝒖.)

concat(𝒖, , 𝒖/ , 𝒖, , 𝒖/ , … , 𝒖+)

G*E*B*DF** GAECBBDFGC concat(𝒖. , 𝒖+, 𝒖- , 𝒖, , … , 𝒖,)

Positive pairs

Negative pairs

Synthetic Dataset

Embedding {𝒖/} are orthogonal to each other



Experiment Setting

𝑅%
0 : relevant symbols to appear in generators, 𝑅%

0 = 𝑃

𝑅$ irrelevant symbols that is only generated by wildcard *

**C*B*A*D*
Generator

ACCEBDAFDG
Sequence

A

B

C

D

E

F

A

B

C

D

E

F

A

B

C

D

E

F

A

B

C

D

E

F

𝑅( 𝑅1 𝑅2

𝑅$
0 = {A, B, C}

𝑅(
0 = {B, E, F}



Model Architecture & Evaluation Metric

𝜒c 𝑅S =
1
𝑃
1
d∈f!

"

max
g

𝒘Sg
0 𝒖d

𝒘Sg $ 𝒖d $

g𝝌B =
1
𝐾
/
2./

3

𝜒B 𝑅2

Evaluation MetricNetwork Architecture

𝑅+ 𝑅& 𝑅.

Check whether the learned weights 𝒘%) is 
matched with a token embedding 𝒖3

The over-parameterization factor 𝛽 ≔ 𝑀/𝑃
(i.e., #filters / #patterns at each receptive field)



Experimental Results

When there is no diverse patterns (𝑃 = 1), 
Linear is better than ReLU

Also, over-parameterization (large 𝛽) doesn’t help in linear case 

ReLU gives stronger performance (than linear) when 

1. There are diverse relevant patterns (𝑃 > 1)
2. There are strong over-parameterization (𝛽 > 1)



Visualization 𝑅%
0𝑅%

0



Effect of BatchNorm

Non-uniformality 𝜁: 𝒖+ 𝒖4 𝒖, 𝒖5 𝒖- 𝒖/ 𝒖. 𝒖6

Magnitude 𝜁 Magnitude 1/𝜁

Token embedding matrix

𝜻 = 𝟏𝟎

BatchNorm works in the region of multiple patterns (𝑃 > 1) and over-parameterization (𝛽 > 1) 



Quadratic Loss versus InfoNCE
InfoNCE loss

Quadratic loss

Same trend, but worse performance



Future Works

• Dynamics of 𝜽 under changing pairwise importance 𝛼.
• With changing 𝛼, it is possible that we might create exponential locally maximal 

eigenvectors in ℂ!
• Capture richer patterns. 

• What if the top-layer also has ReLU activations?
• Capture local hidden variable rather than a global one. 
• Advantage over traditional Graphical Model (GM)

• GM operates on human-defined random variables.
• NN discovers novel random variables. 

• Towards understanding multi-layer networks / hierarchical representation
• Other architectures: e.g., Transformers. 

Global: ℙ 𝒙 𝑧 = ∏%7#
8 ℙ 𝒙% 𝑧

Local: ℙ 𝒙 𝑧 = ∏%7#
8 ℙ 𝒙% 𝑧 for 𝒙 ∈ Ω



Thanks!

52


