Toward Better Understanding of
Deep Contrastive Learning

Yuandong Tian
Research Scientist and Manager

Meta Al (FAIR)

facebook Artificial Intelligence



Great Empirical Success of Deep Models
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Representation Learning

What’s the difference between models
before/after deep learning era?

Better representation
is learned!
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Deep Models
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Contrastive Loss
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Formulation of Contrastive Learning

FIT] o

Minimize
distance d;
2 Current
flil
Sample
Maximize

distance d;;

FUT somoe’

INfONCE loss:

exp(—d; /1)
eexp(—d}/t) + X, exp(—df; /1)

Loce = —T log

N
1=1

Intra-view distance d? = ||f[i] — f[i']ll5/2

Inter-view distance d,;zj = f[i] = FIiI5/2



Existing Understanding of contrastive learning

* Maximize the mutual information MI(f, )
* fand f’ are two views of the same instance.

* Optimize Lower/Upper bound of mutual information MI(f, /")
* InfoNCE loss (lower bound).

* Assume certain black-box function classes
* No much understanding beyond the structure of loss function.



A family of contrastive losses

General Loss function we consider (¢, ) are monotonous increasing functions)

. ./ ; N
xEL] x[ll] x%;] 2 2
min Ly ., (0) = E § di —djj
Multi-layer network 6 6 ¢,¢( ) i—1 ¢ ( j#i l/)( l l] )
[

flil fIi'] flil

K l Intra-view distance d? = ||f[i] — f[i']ll5/2
d? d;;
\‘L / Inter-view distance dl-zj = f[i]1 = FLi1II5/2

o P

[Y. Tian, Understanding Deep Contrastive Learning via Coordinate-wise Optimization, arXiv]



Fxample: InfoNCE

N

= r Y log I
Lnce = T1=1 OgEGXP( dZ/T)-I_Z]ileXp( d /T)

DX I TREEL)

J#F1

¢(x) = tlog(e + x) P(x) = exp(x/7)



A general family

Contrastive Loss o(x) Y (x)
InfoNCE (0ord et al., 2018) Tlog(e + x) [e®/™
MINE (Belghazi et al., 2018) log(x) e”
Triplet (Schroff et al., 2015) x [z + €]+
Soft Triplet (Tian et al., 2020c) 7log(1 + x)|e®/ " te
N+1 Tuplet (Sohn, 2016) log(1+x) |e*
Lifted Structured (oh songetal. 2016) | [log(z)]3  |e®T*
(Coria et al., 2020) iy sigmoid(cx)
(Ji et al., 2021) linear linear
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Coordinate-wise Optimization
Claim: Minimizing L4 ., <~ Coordinate-wise optimization:
a; = argmin&,(0;) — R(a)
aeEA
Ot + Tlvegat(et)

Ori1:

Max-player 0

Learns the representation to maximize constrativeness.

Min-player a
Find distinct sample pairs that share similar representation (hard negative pairs)
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The Energy Function £,(0)

The energy £, is defined as the trace of contrastive covariance C,,:

E.(0) =trCy[fo(x), fo(x)]

The contrastive covariance C,[x,y] := Xg — 5y,
Inter-sample ZO = 2 aij(x[i] — x[]])()’[l] — yU])T
L,j

prasample Taug = 9 (2 o j) (x[i] - x[i'D[i] - YLD

[ JE



Intuition of contrastive covariance C,[f, f]

The contrastive covariance term C,|f(x), f(x)] has intuitions:

When «a is uniform and batch size N — 400, then

Calf(x)] - Vio~p( *x~paug(-‘x0)[f(x)|x0]

Therefore, it becomes variance. Define C,|[f] .= C.|f, f]



How min player « is determined?
If Y(x) = e*/%, then we have
a(0) :=argmin&,(0) — R(a)
a€eA

where the feasible set A = {a: Vi,z: aj; = 719 (&), ajj = O}

J#i

and entropy regularization term R(a) = 2T le-vzl H(a;)

§ii= ) (d? - df)

J#i



Different Losses, Same Energy Function

Contrastive Loss o(x) Y(x
InfoNCE (Oord et al., 2018) 7 log(e + ) |/

MINE (Belghazi et al., 2018) log(x) e”

Triplet (Schroff et al., 2015) x [z + €]+
Soft Triplet (Tian et al., 2020c) Tlog(1+ z)|e®/ ™t

N+1 Tuplet (Sohn, 2016) log(1+x) |e*

Lifted Structured (on songetal, 2016) | [log(z)]% |

(Coria et al., 2020) 2 sigmoid(cz)
(Ji et al., 2021) linear linear

Different loss functions (¢, ) corresponds to the same energy function &£
How the min player a operates are different.
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The intuition of pairwise importance «

For infoNCE with € = 0, solving the optimization problem yields:

exp( d? /T)
Zjilexp( d /T)

a;;(0) =

We put more weights on small di]-, i.e., distinct samples with similar representations



Proposed: Pair-weighed CL (a-CL)

Optimize network parameter 0 using gradient ascent of the energy function £

0.:1 =0, nvegsg(at) (0:)

|

Pairwise importance ; = C{(Ht)

a can be either optimized by a separate loss function, or directly specified



ROadmap Of a—CL IV Dynamics of 8 with fixed a

in the linear setting

Dynamics of @ with fixed
in the nonlinear setting

Eqa(0) =trCylfo(x)] ) <

Understanding ?2? Dynamics of 8 with changing a
a-CL e Y ging
> \_ ?? Hierarchical representation learning
Applications
mgn LC/M/J (H) / Finding the best @ = a(0) for performance gain
Minimization of various CL losses < Receptive field specific

\ More applications (e.g., CL in GNN)



Initial Experimental Results

CIFAR-10 STL-10
100 epochs | 300 epochs | 500 epochs 100 epochs | 300 epochs | 500 epochs
L quadratic 63.59 £ 2.53 | 73.02 £ 0.80 | 73.58 £ 0.82 || 55.59 +-4.00 | 64.97 = 1.45 | 67.28 == 1.21
Lorce 84.06 £ 0.30 | 87.63 £0.13 | 87.86 = 0.12 || 78.46 4= 0.24 | 82.49 4 0.26 | 83.70 = 0.12
backprop a(0)|| 83.42 £ 0.25 | 87.18 = 0.19 | 87.48 £ 0.21 || 77.88 £ 0.17 | 81.86 +0.30 | 83.19 £+ 0.16
a-CL-rg 84.27 £0.24 | 87.75 £ 0.25 | 87.92 £ 0.24 || 78.53 =2 0.35 | 82.62 = 0.15 | 83.74 = 0.18
a-CL-7, 83.724+0.19 | 87.51 = 0.11 | 87.69 & 0.09 || 78.22 - 0.28 | 82.19 == 0.52 | 83.47 £ 0.34
a-CL-7rg 84.72 +0.10 [ 86.62 +0.17 | 86.74 & 0.15 || 76.95 4= 1.06 | 80.64 4- 0.77 [ 81.65 4= 0.59
Ia-CL—direct 85.09 +0.13|88.00 +-0.12|88.16 4+ 0.12|[79.38 - 0.16|82.99 - 0.15|84.06 - 0.24 |
* (a-CL-rg) Entropy regularizer ry(a;;) = —27a;; log ;45
* (a-CL-r,) Inverse regularizers 7. (a;;) = 12_—204;3._7 (y> 1.
* (a-CL-75) Square regularizer r4(a;;) = —Fos3;. * (a-CL-direct) Directly setting a: a;; = exp(—d;;/7) (p > 1).



Analysis of the Dynamics in CL with fixed «

Shouldn’t contrastive SSL make full use of all dimensions? The answer is NO...

Dimensional Collapsing

Log of singular values
Log of singular values

-201 \
—— linear

nonlinear

Ll sl ol

AP WN P

>1 11

é 4|1 ('3 é 1|0 1|2 1|4 (I) é All é Eli 1‘0 1|2 1|4
Singular Value Rank Index Singular Value Rank Index

(a) multiple layers (b) nonlinear

Two puzzling questions:
1. Why contrastive SSL still has collapsing issues?
2. Why L = 1 doesn’t have collapsing, but L = 2 has the issue?

DirectCLR (L. Jing, P. Vincent, Y. LeCun, Y. Tian, Understanding Dimensional Collapse in Contrastive Self-supervised Learning, ICLR’22]



One-layer dynamics

Linear Model The dynamics can be written down as follows:
Embeddings

X 4
Input/

X | Augmentation InfoNCE e S— X
loss a
\ dt
X' ‘D z /
InfONCE loss eocer If C,[x] has negative eigenvalues,

then W will be low-rank
[ = — ilo exp(—d%)
T (@) + 2,4, exp(—d2)

1=

(will not happen in large batchsize + uniform «a)



2-layer linear model still yields Dimensional Collapsing

* What if C,[x] is PSD?

* Still dimensional collapsing for deep models.

—10 1

—15 4

Log of singular values

—20 1

-25

111

2 4 6 8 10 12
Singular Value Rank Index

(a) multiple layers
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1. W; and W, will align with each other.
2. The dynamics of their singular values satisfy

(05)2(V1 lef)a

('flf alf
-k ki _k k
09 202(01)2("1 Xv7)

T
of and of grow much faster for k if (vf) Xv¥ is large.

W1 Spectrum

log singular values
| | 1 |

0 0 Y VDO 20‘00 25I Y y Y
iterations

(a) W1

W2 Spectrum

log singular values
1 | 1

—4 F
0 500 1000

1500 2000 2500 3000
iterations

(b) Wy




DirectCLR

* If things are aligned, why not let them align directly?

Representations

Z
- / X —D r \ Loss function  Projector Top-1 Accuracy
npu

SimCLR 2-layer nonlinear projector 66.5
X | Augmentation 'nfloNCE SimCLR I-layer linear projector 61.1
088 SimCLR no projector 51.5
\ M D s DirectCLR no projector 62.7
r_I
Encoder

DirectCLR (L. Jing, P. Vincent, Y. LeCun, Y. Tian, Understanding Dimensional Collapse in Contrastive Self-supervised Learning, ICLR’22]



Deep linear case with fixed

If fo(x) = W(0)x, then it reduces to PCA objective

Corollary 2 (Representation learning in Deep Linear CL reparameterizes Principal Component
Analysis (PCA)). When z = W (0)x with a constraint WW'' = I, £, is the objective of Principal
Component Analysis (PCA) with reparameterization W = W (0):

max £q(6) = tr(W (@)X W' (0)) st. WW' =1 9)

here X, := C,|x] is the contrastive covariance of input x.



Deep linear case with fixed

If fo(x) =W, W,_;...W;x, then almost all local optima are
global and it is PCA

Theorem 3 (Representation Learning with DeepLin is PCA). If Aynax(Xa) > 0, then for any local
maximum 0 € © of Eqn. 11 whose W>T 1 Ws1 has distinct maximal eigenvalue:

* there exists a set of unit vectors {'vl}lL:O so that\W; = 'vl'vlT_ for1 <1 < L, in particular,
Vg is the unit eigenvector corresponding t0 Apmax(Xa),

All W; has rank-1 structure
* 0 is global optimal with objective £* = Apax(Xa).

Corollary 3. If we additionally use per-filter normalization (i.e., |wik|2 = 1/ /1), then Thm. 3
holds and v; is more constrained: [vi|, = 1/ /nifor1 <1 <L —1.




Summary

* If we fixed a and fg(x) is a linear mapping, then
* The max player max EL(0) = max Cylfo(x)] becomes PCA

o If fo(x) =W, W;_q1...W;x, then all W; becomes rank-1

Contrastive Covariance X Eigenspectrum of X Objective over time Singular value dynamics Singular vector alignment
0 S Srr—— 1.0 - 1.0 -
c 4
0.8
2 ” 2 0 — =1 0.8 -
] g = .Eo
4 2 337 T 0.6 - I=2 g
6 o g B 0.4 — =4 = —_— 12
i L = — I=5 — 2/3
. 51 0.2 0-41 — 3/4
— 4/5
0 - 0.0 - 0.2 -
0.0 25 50 7.5 0 1000 2000 3000 0 1000 2000 3000 0 1000 2000 3000
Eigen Index Iteration Iteration Iteration
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Nonlinear Setting

CL with linear model connects with classic approaches.

Where does the magic of deep models come from?

Nonlinearity!

[Y. Tian, Understanding the Role of Nonlinearity in Training Dynamics of Contrastive Learning, arXiv]



Overview of Nonlinear Analysis

* One and Two-layer nonlinear networks

* Homogenous activations: h(x) = h'(x)x
* Linear, ReLU, leaky ReLU and monomial activations h(x) = xP (with additional
constant)

* Training Dynamics / Critical Point Analysis
* Statistics of local optima.
* Dynamics of weights during training

[Y. Tian, Understanding the Role of Nonlinearity in Training Dynamics of Contrastive Learning, arXiv]



Nonlinear Setting

One-layer nonlinear network: f3(x) = h(w'x)

h(wlx)

max Cq[fg] = Co[h(W"x)]

wll2=1

| ] X

1-layer network

[Y. Tian, Understanding the Role of Nonlinearity in Training Dynamics of Contrastive Learning, arXiv]



Nonlinear Setting

One-layer nonlinear network: f3(x) = h(w'x)

h(wlx) T
max Cq[fg] = Co[R(W" x)]
wllz=1
w
| L Homogeneity: C,|h(wTx)| = wTC,[¥*]w
1-layer network W = x - h'(w'x) is the gated data point

v
Similar to covariance matrix in PCA,

but now the matrix is not constant.

[Y. Tian, Understanding the Role of Nonlinearity in Training Dynamics of Contrastive Learning, arXiv]



Nonlinear Setting

One-layer nonlinear network: f3(x) = h(w'x)

h(wlx) T
max Cq[fg] = Co[R(W" x)]
wllz=1
w
| L Homogeneity: C,|h(wTx)| = wTA(w)w
1-layer network W = x - h'(w'x) is the gated data point

[Y. Tian, Understanding the Role of Nonlinearity in Training Dynamics of Contrastive Learning, arXiv]



1-layer 1-node nonlinear network max wiA(w)w

Linear Non-linear

“ 1 (w)

....................... Const A(w) [omn

*
‘A

¢, (w): Largest eigenvector of A(w) = C,[x"] Multiple largest eigenvectors!



1-layer 1-node nonlinear network

B
N

if Aw,)w, = A,.w,, and Ag,p(W,) > L.
A pattern w, is dynamically stable (L is Lipschitz constant)

There exists multiple patterns in the data

1. Linear model cannot capture (only one PCA dimension)
2. With the nonlinearity, the model can capture them.



1-layer multiple node nonlinear network

_WI_
Network fg(x) = h(Wx) o
W = Wi, k-th filter
Wi
| ] X K
1-layer network max trCu|[fq] = z max wiAW;)wy
Iwll2=1 o Iwll2=1

1<ks=K Independent one node objective



1-layer multiple node nonlinear network

Linear model Nonlinear model
1. Every wy, converges to the global maximal 1. Each wy can converge to different patterns
eigenvector 2. More nodes with diverse initialization learn more

2. More nodes do NOT help. patterns!



2-layer nonlinear networks

Notation

Wi —  m-th weight at

W {Wim} {Wam} {Wam} l receptive field Ry,
50 S60 dOO e (EMED
Receptive
|

1 X4 I 1 X5 I | X3 field R},
R4 R, R3

™~ / _—

Multiple receptive fields
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AssumMptions

* 1. Uniform a, N = +00, no augmentation = C,|f] = V|[f]

* Technical condition to make the analysis more concise.
* 2. Fast training on the top layer = S := V'V is rank-1

e 3. Conditional Independence = P[x|z] = [[5_; P[xx|z]



Conditional Independence

There exists categorical variable z (of cardinality C)
so that

CELTEE TR ETTY CYET T

Plxglz] 4

Plx|z]| =

e

==
Il

1




What linear network cannot do

With linear activation, we have

For a receptive field Ry, the gradients of all its weights are co-linear.
=>» No diverse feature can be learned.

Nonlinear network will not have such constraints.



Global modulation

C = 2,M = 1 case (binary z, one filter at one receptive field)

de ( ZL 1 A AT)
— =S | w
dt RET 720 —dy) ) TR
L, == E,V[X,]|z], lower-layer A(w) matrix, d,, = wj,L,wy
A, == E|X,|z = 1] — E|X, |z = 0], global modulation

—> Features that help discriminates the variable z are encouraged.



“Feature Emergence”

* During CL training, no specification of the hidden variable z.

* However, CL automatically prioritizes features that are sensitive to z.
o L+ ALAL where A, == E[X|z = 1] — E[%|z = 0]

Theorem 4 (Global modulation of attractive basin). If the structural assumption holds: Ly (wy) =
S g(u) wi)uw, with g(-) > 0 a linear increasing function and {w,} orthonormal bases, then for

L + cululT, its attractive basin of wy = wy is larger than L}.’s for ¢ > .

T



EXperiment Setting

Synthetic Dataset

ACCEBDAFDG — concat(uy, uc, uc, Ug, ...

* *C*B*A*D*
CFCFBEABDA concat(uc, ug, Uc, U,
G*E*B*DF** > GAECBBDFGC — concat(ug, Uy, Ug, Ug, ...
Generator Input sequence Input X

(a pool of 40 generators)

Embedding {u,} are orthogonal to each other

> Positive pairs

Negative pairs



Experiment Setting

Generator Sequence
o8 53(C, %5 | 2458 2\ W] 10 @ - ACCEBDAFDG
A A A A
C C C C
R® = {B,E,F
D D D D 2 = )

F F F F R,‘c": : relevant symbols to appear in generators, |R,§| =P

R, Ry Rs Rg irrelevant symbols that is only generated by wildcard *



Model Architecture & Evaluation Metric

Network Architecture Evaluation Metric

Check whether the learned weights wy,,,, is
matched with a token embedding u,

1 W%mua
X+(Rg) == E max
P . m ||ka”2”ua”2
aERk

K
1
The over-parameterization factor f := M /P )_(_l_ = z X+ (Rk)
k=1

(i.e., #filters / #patterns at each receptive field) K



Experimental Results

P=1

Linear

RelLU

P =3

Linear

RelLLU

P =5

Linear

RelLU

P =10

Linear

RelLU

NN = ®

10

0.9540.00
0.9540.00
0.96+0.00
0.96+0.00

0.31+0.23
0.61+0.13
0.93+0.06
1.00+0.00

0.7940.02
0.811+0.01
0.8510.01
0.86+0.01

When there is no diverse patterns (P = 1),
Linear is better than RelLU

0.75%0.11
0.90+0.09
0.9940.02
1.00£0.00

Also, over-parameterization (large ) doesn’t help in linear case

0.67+0.03
0.70+0.00
0.73+0.00
0.77+0.00

0.70+0.06
0.88+0.04
1.0040.00
1.0040.00

0.60+0.01
0.63+0.01
0.66+0.01
0.68+0.01

0.68+0.05
0.93+0.02
0.9940.01
1.0040.00

ReLU gives stronger performance (than linear) when

1. There are diverse relevant patterns (P > 1)
2. There are strong over-parameterization (f > 1)



Visualization = R

Linear

RelLU (Ro) Linear

RelLU (R>) Linear RelLU (R3) Linear U (R4)

0 0 0 0
2 2 2 2
4 4 4 4
6 6 6 6
8 8 8 8
10 10 10 10
12 12 12 12
14 14 14 14
RelLU (Rs) Linear RelLU (Re) Linear RelLU (R7) Linear RelLU (Rg) Linear RelLU (Rg) Linear
0 0 0 0
2 2 2 2
4 4 4 4
6 6 6 6
8 8 8 8
10 10 10 10
12 12 12 12
14 14 14 14
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N

Fffect of BatchNorm

Non-uniformality ¢:

10

P=1

NoBN

BN

Token embedding matrix

Uy Up U Up Ugp Up Ug

Magnitude ¢

P=3

NoBN

BN

P=5

NoBN

BN

Uy

Magnitude 1/¢

P =10

NoBN

BN

[—
o NN — =

0.35+0.17
0.3940.18
0.53+0.06
0.56+0.16

0.2310.06
0.33+0.12
0.4610.06
0.46+0.15

0.5140.02
0.5940.05
0.66+0.06
0.78+0.02

0.244+0.11
0.41+£0.07
0.60+0.08
0.80+0.03

0.5440.04
0.58+0.07
0.65+0.09
0.70+0.04

0.38+0.04
0.56+0.02
0.744+0.02
0.9210.01

0.5440.03
0.56+0.01
0.60+0.01
0.63+0.01

0.56+0.04
0.71+£0.05
0.90+0.03
0.9710.02

BatchNorm works in the region of multiple patterns (P > 1) and over-parameterization (f > 1)



Quadratic Loss versus InfoNCE

InNfoNCE loss
P=1 P=3 P =5 P =10
p Linear ReLLU Linear RelLU Linear RelLU Linear RelLLU
11{0.954+0.00{0.314+0.23(/0.79+0.02|0.75+£0.11|0.67£0.03|0.70£0.06 {|0.60+0.01{0.681+0.05
2 110.95+0.00|{0.614+0.13/0.814+0.01{0.90+£0.09|/0.70£0.00|0.884+0.04{/0.63+0.01{0.93+0.02
5 1/0.96+0.00{0.934+0.06/0.854+0.01{0.99+0.02{{0.73+0.00{1.0040.00(/0.66+0.01{0.994+0.01
10{/0.964+0.00|1.00+£0.00(/0.86+0.01|1.00+0.00(|0.77£0.00|1.00+0.00//0.68+0.01|1.00+£0.00
Quadratic loss
P=1 P =3 P=5 P =10
B Linear ReLLU Linear ReLLU Linear ReLLU Linear ReLLU
11{]0.92+0.07|—0.02+0.19({0.60+0.04(0.314+0.22{/0.45+0.03{0.42+0.07{0.384+0.01{0.51+£0.06
2 110.9640.01| 0.37+£0.29 {{0.64+0.07(0.61+£0.05{{0.48+0.02|0.63+0.11{{0.434+0.02|0.644+0.02
51/0.954+0.02| 0.67+£0.29 [{0.68+0.04(0.65+0.12{/0.52+0.04|0.80+0.05({0.484+0.01|0.694+0.04
10{{0.96+0.01| 0.86+0.06 ||0.68+0.08(0.80+0.16{/0.52+0.01{0.82+0.04{0.504+0.01{0.74+0.02

Same trend, but worse performance




Future Works

* Dynamics of @ under changing pairwise importance «a.

* With changing «, it is possible that we might create exponential locally maximal
eigenvectors in C,

 Capture richer patterns.

Global: P =I5, P
* What if the top-layer also has ReLU activations? Rl e el S

 Capture local hidden variable rather than a global one.
* Advantage over traditional Graphical Model (GM)
* GM operates on human-defined random variables.

* NN discovers novel random variables. Local: P[x|z] = [Tg=q Pxi|z] for x € O

* Towards understanding multi-layer networks / hierarchical representation
* Other architectures: e.g., Transformers.
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