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Introduction

Neural Network (NN) has achieved great success empirically!

Analysis of over-parameterized NNs has drawn significant attention

NN is highly non-convex with respect to NN parameters

Under different reformulation, neural networks can be convex



Introduction

Discuss about how to model and analyse the (continuous) DNNs.
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Background: Two-layer NN

Consider a discrete two-layer NN:

f̂ (x) :=
1

m1

m1∑
i=1

ŵ2,ih(ŵ>1,ix) (0.1)

Rewritten as:

f̂ (x) =
1

m1

∫
w2h(w>1 x)dp̂(w2,w1), (0.2)

where p̂ is the empirical measure of the weights

p̂(w2,w1) =
1

m1

m1∑
i=1

δ(ŵ2,i ,ŵ1,i )

Letting m→∞, obtain mean-field continuous two-layer NN, e.g. [Mei et. al,

2018] [Chizat and Bach, 2018]:

f (x ; p) =

∫
w2h(w>1 x)dp(w2,w1) (0.3)



Background: Two-layer NN

Mean-field two-layer NN:

f (x ; p) =

∫
w2h(w>1 x)dp(w2,w1)

Characterize NN by the distribution of the weights

(w2,w1) ∈ Rd+1 is the basic particle

Training a two-layer NN:

minimize
p

L(p) = Ex,y [φ(f (x ; p), y)] + R(p), (0.4)

Linear model: convex

All local minimal solutions are the global ones for p

GD dynamic: Fokker-Planck Equation

dpt

dt
= ∇ · (pt∇(L′pt )), (0.5)



How to Model DNNs?

Characterize the DNN by distributions on the weights

Properties

(1) Each node in the `-th layer is described (indexed) by the value of weights
connecting to the `− 1-th layer

(2) The space of the hidden nodes at layer ` is denoted as Z(`)

(3) Z(1) = Rd ,

(4) Z(2) is the space of all Rd -dimensional functions

(5) ...

(6) Introduce probability measure ρ(`) on Z(`).

ρ(`) is defined over infinity-dimensional space

NN is no longer convex with respect to ρ(`) when ` ≥ 2



Model from Features

Consider empirical minimization problem:

=⇒ Finite N training samples

=⇒ All the outputs of nodes, i.e. features, are N-dimensional vectors

=⇒ Characterize the NN based on the distributions of the features



New DNN Formualtion

1 For ` = 0, let the input data be the 0-th layer with m0 = d . For i ∈ [d ],
define

θ0,i := {xn(i) : n ∈ [N]}
2 For ` = 1, let w1 ∈ Rd be the weight that connects the 0-th layer to the

node whose output will be

θ1(w1) :=
1

d

d∑
i=1

w1(i) · θ0,i ∈ RN

Introduce p1(w1) on weights to characterize the first layer

3 For ` = 2, define θ2 ∈ RN as the node whose output is θ2. Let w2(w1,θ2)
be the weight connecting the nodes w1 and θ2, we have∫

w2(w1,θ2)h(θ1(w1))dp1(w1) = θ2 (0.6)

Introduce p2(θ2) on features to characterize the second layer



New DNN Formualtion

4 For ` ∈ [3 : L], define θ` ∈ RN as the node whose output is θ`. Let
w`(θ`−1,θ`) be the weight connecting nodes θ`−1 and θ`. We have:∫

w`(θ`−1,θ`)h(θ`)dp`(θ`) = θ`+1.

Introduce p`(θ`) on features to characterize the `-th layer.

5 For ` = L + 1, let wL+1(θ̃L) be the weight connecting the node θ̃L to the
final output. We have∫

wL+1(θL,θL+1)h(θ`)dpL(θL) = θL+1.



New DNN Formualtion

The whole optimization problem for continuous DNN can be written as

minimize
{w`}L+1

`=2
,{p`}L`=1

L({w`}L+1
`=2 , {p`}

L
`=1) =

1

N

N∑
n=1

φ (θL+1(n), yn) + R({w`}L+1
`=2 , {p`}

L
`=1)

s.t.

∫
w2(θ1,θ2)h(θ1(w1))dp1(w1) = θ2, for all θ2 ∈ RN∫
w`(θ`−1,θ`)h(θ`)dp`−1(θ`−1) = θ`, for all θ` ∈ RN , ` ∈ [3 : L]∫
wL+1(θL,θL+1)h(θ`)dpL(θL) = θL+1



New DNN Formualtion

Consider:

R(p) =
L+1∑
`=1

Rw
` (w`, p`−1, p`) +

L∑
`=1

Rθ` (p`),

For the weights: `1,q-norm regularizers, e.g.

Rw
` (w`, p`−1, p`) = λ`

∫ (∫
|w`(θ`−1,θ`)| dp`(θ`)

)q

dp`−1(θ`−1)

=⇒ Efficient feature in terms of representation for the learning task

For the features: avoiding ill-conditions, e.g.

Rθ` (p`) = KL(p`||p0
`) + KL(p0

` ||p`)

=⇒ p` is equivalent to Lebesgue measure



Convexify the NN

Change variables as:

w̃2(θ1,θ2) = w2(θ1,θ2)p1(w1),

w̃`+1(θ`,θ`+1) = w`+1(θ`,θ`+1)p`(θ`)p`(θ`+1), ` ∈ [2 : L],

w̃L+1(θL) = wL+1(θL)pL(θL)

Let
L̃
(
{w̃`}L+1

`=2 , {p`}
L
`=1

)
:= L

(
{w`}L+1

`=2 , {p`}
L
`=1

)
Theorem (Convex Formulation of Continuous NN)

Assume φ(·; ·) is convex on the first argument, Rw
` (w`, p`−1, p`) are `1,q-norm

regularizers with q ≥ 1, and Rp
` (p`) is also convex on p` for ` ∈ [L]. Then L̃ is

joint convex on
(
{w̃`}L+1

`=2 , {p`}
L
`=1

)



Search Good Regularizers

Before thinking of regularizers that make L̃ convex

First study what kinds of regularizers we really need!

Given a continuous DNN, construct a discrete DNN by sampling hidden nodes:

Procudure to Construct a Discrete DNN

(1) For each hidden layer ` ∈ [2 : L], draw m(`) i.i.d. samples {θ(`)
i }

m
i=1,

and setting the weights

w
(`)
i,j = w(θ

(`)
i ,θ

(`−1)
j ) with i ∈ [m(`)] and j ∈ [m(`−1)].

(2) For the top layer, set

wL+1
j = w(θ

(L)
j ), j = [m(L)]

Prove:
lim

m(`)→∞,`=1,...,L
E
∥∥∥f̂ (x)− f (w , p; x)

∥∥∥ = 0



Search Good Regularizers

We can further study the variance of such approximation

If variance is small

=⇒ Smaller hidden units are needed to approximate the target output

=⇒ The features are more efficient

If a continuous DNN learns good feature representations

=⇒ The variance is small

The success of DNNs is due to the ability to learn high quality features

Introduce regularizer to control the variance.



`1,2 Regularizer

Theorem (Variance of Approximation, Informal)

Under certain conditions, we have

E
∥∥∥f̂ (x)− f (w , p; x)

∥∥∥2

(0.7)

≤
L+1∑
`=1

λ(`)R(`)(w , p)O(m−1),

whereR(`)(p,w) =

∫ (∫
|w (`)(θ(`),θ(`−1))|dp(`)(θ(`))

)2

dp(`−1)(θ(`−1)),

R(L+1)(p,w) =

∫ ∥∥∥w (`+1)(θ(L))
∥∥∥2

dp(L)(θ(L)),

In the discrete formulation, the regularizer is `1,2-norm regularizer.

Theorem (Convexity under `1,2-Norm Regularizer, Informal)

Assume that the loss function is convex. For `1,2 norm regularizers, L̃(w̃ , p̃) is a
convex function of (ρ̃, ũ).



Convex Formulation under `1,2-norm Regularizer

Conclusions on `1,2-norm Regularizer

(1) Training continuous DNN is inherently convex

(2) The learned distributions guarantee an useful feature representations

Conclusions

(1) Reformulate the learning objective:

=⇒ simplifying the overall objective function

(2) Under `1,2-norm regularizer, DNN is convex and guarantees an efficient
feature representations after training



Gradient Descent Dynamic

Consider the case when regularizer R ≡ 0

Basic particle Θ moves continuously

Consider a trajectory Θ̄[0,T ] start from Θ̄0

Describe by the mapping

Ψ : supp(p0)→ C([0,T ],RD)

Ψ(Θ0)(0) = Θ̄0, and Ψ(Θ0)(t) = Θ̄t is value of Θ0 at time t

The continuous gradient for the weights can be obtained by replacing the
mean operator in discrete NN with expectation operator (on p0)



Neural Feature Flow

Define the problem of our continuous DNN below:

Definition (Neural Feature Flow with Basic p0, Informal)

We say a deterministic mapping Ψ∗ : supp(p0)→ C([0,T ],RD) is a solution of
our DNN problem with basic p0, if for all Θ ∈ supp(p0), we have:

(i) Ψ∗(Θ)(0) = Θ̄0.

(ii) Θ̄t = Θ̄0 −
∫ t

s=0
Grad(Θ; Ψ∗, s)ds, where Θ̄t = Ψ∗(Θ)(t) and t ∈ [0,T ].

Theorem (Existence and Uniqueness of Solution, Informal)

Under suitable conditions, there exists an unique solution Ψ∗ for the Neural
Feature Flow with basic p0.



Approximation Using Finite Neurons

Theorem (Approximation Error, informal)

Suppose we construct a discrete NN (ŵ0) from the continuous NN. Define

m = argmin`∈[L] m`. Let (Ψ∗, p
[0,T ]
∗ ) is the solution of our neural feature flow.

Under certain conditions, if we run Gradient Descent algorithm to optimize the
discrete NN with K = bT/ηc steps, then for all k ∈ [K ], with probability 1− δ,

1 The particles are close to each other. we have

sup
`∈[L], i∈[m`]

∥∥∥θ̂k
`,i − θ

kη
`,i

∥∥∥
∞
≤ O

(√
m−1(1 + log(δ−1)) + η

)
.

sup
`∈[L=1], i∈[m`−1] j∈[m`]

∣∣∣ŵ k
`,i,j − w kη

`,i,j

∣∣∣ ≤ O
(√

m−1(1 + log(δ−1)) + η
)
,

2 The loss of the discrete NN approximates to that of the continuous one,
i.e., we have∣∣∣L̂(ŵk)− L(pt

∗)
∣∣∣ ≤ O (√m−1(1 + log(δ−1)) + η

)
,

where T and L are treated as constants.



Finding Global Minimal Solution

When there is no regularizers,

Care about the last layer: linear model

Theorem ( Gradient Descent Finding Global Minimal Solution, Informal )

Under certain conditions, for Res-Net, let (Ψ, p) be the solution of neural
feature flow. If we further assume that:

(A) For the features on the L-th layer, for all θL, we have

lim
t→∞

Ψθ
L (θL, t) = Ψθ

L (θL,∞), a.s.

(B) For the weights in the last layer, we assume

sup
t∈[0,∞]

∫
|wL+1|dpt <∞,

and lim
t→∞

EθL∼p0
L
‖Ψw

L+1(θL, t)−Ψw
L+1(θL,∞)‖∞ = 0

Then p∞ is the global minimal solution of continuous DNN



Conclusions

1 Difficulties in analysing deep NN (DNN)

Non-convexity

Probability measure over infinity-dimensional space

2 Under proper reformulation:

1 Convex under suitable representation (re-parameterization)

2 Learning efficient feature representations

3 Solution:

Characterize DNN by probability measures over features

Gradient Descent Algorithm =⇒ Neural Feature Flow

Find Global Minimal Solution



Thank you!

Question?


