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Dimension of Manifold

Proposition

Let M be a smooth submanifold isometrically embedded in Rd . For any
x ∈M,

dim(M)(x) =
d∑

j=1

‖∇Mαj(x)‖2

αi , i = 1, · · · , d are coordinate functions,

∀x = (x1, · · · , xd) ∈M, αi (x) = xi .
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Integral Equation

By a standard variational approach, we know that the solution can be
obtained by solving the following PDE

−∆Mu(x) + µ
∑
y∈Ω

δ(x− y)(u(y)− v(y)) = 0, x ∈M

∂u

∂n
(x) = 0, x ∈ ∂M.

where ∂M is the boundary of M and n is the out normal of ∂M. If M
has no boundary, ∂M = ∅.
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PIM: Integral Approximation

In the point integral method (PIM) [Li, Shi and Sun], the key ingredient
is following integral approximation:

∫
M

∆Mu(y)R̄

(
‖x− y‖2

4t

)
dµy≈−

1

t

∫
M

(u(x)− u(y))R

(
‖x− y‖2

4t

)
dµy

+2

∫
∂M

∂u

∂n
(y)R̄

(
‖x− y‖2

4t

)
dτy

The kernel function R is a positive function defined on [0,+∞) with
compact support (or decay fast enough) and

R̄(r) =

∫ +∞

r

R(s)ds
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Integral Equation

The Laplace eqaution is
−∆Mu(x) + µ

∑
y∈Ω

δ(x− y)(u(y)− v(y)) = 0, x ∈M

∂u

∂n
(x) = 0, x ∈ ∂M.

The integral equation is∫
M

(u(x)− u(y))Rt(x, y)dy + µt
∑
y∈Ω

R̄t(x, y)(u(y)− v(y)) = 0.
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Low Dimensional Manifold Model

Rd M

min dim(M)

PIM

Outputs

(∆Mu = f )

Image processing;

Seismic data;

Hyperspectral image;

Matrix completion;

CT Tomography (Lai et.al);

LDMNet (Zhu et.al);
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General PDE Model

Inspired by the scale-space theory in image processing [Alvarez et.al.
1993],

Theorem

Under conditions in [Invariance], [Regularity], [Stability], [Locality], there
exists a continuous function F : Rd×d × Rd × Rd × [0, 1]→ R such that
for any bounded and uniformly continuous function u0,
u(x, t) = Tt(u0)(x) is the unique viscosity solution of

∂u

∂t
= F (D2u,Du, x, t),

and F satisfies

F (A, p, t) ≥ F (B, p, t) for all p ∈ Rd with A ≥ B.
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Anisotropic Diffusion

Anisotropic Diffusion Eq:

∂u

∂t
(x, t) + v(x, t) · ∇u(x, t) = ∇ · (σTσ∇u), x ∈ Rd , t ≥ 0,

u(x, 1) = f (x), x ∈ Rd ,

u(xi , 0) = g(xi ), xi ∈ T .
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Deep Residual Network (ResNet)

He et.al. proposed residual network attracts lots of attention [CVPR,
2016 & ECCV, 2016].

Figure: Building block of ResNet.

X n+1 =X n + vn(X n), vn(X n) = W (2)
n · a(W (1)

n · a(X n)), a = ReLU ◦ BN.
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Deep Residual Network (ResNet)

X 0
i = xi ∈ T

X n+1
i = X n

i + vn(X n
i )

f (XN
i )→ u(X 0

i )
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Transport Eq.

Transport equation:
∂u

∂t
+ v(x, t) · ∇u = 0, x ∈ Rd , t ≥ 0,

u(x, 1) = f (x), x ∈ Rd .

characteristics:

dX (t)

dt
= v(X (t), t) (1)

Along the characteristic lines, u is a constant.

u(X (0), 0) = u(X (1), 1) = f (X (1)). (2)
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Transport Eq.

ResNet can be formulated as a control problem of transport equation:

∂u

∂t
(x, t) + v(x, t) · ∇u(x, t) = 0, x ∈ Rd , t ≥ 0,

u(x, 1) = f (x), x ∈ Rd ,

u(xi , 0) = g(xi ), xi ∈ T .

velocity field:

v(x, t) = W (2)
n · a(W (1)

n · a(X n)).

W (1)(t) and W (2)(t) are piecewise constant in t.
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Transport Equation and ResNet

Model: Transport equation

Scheme: Characteristics + forward Euler

Velocity field: v(x, t) = W (2)
n · a(W (1)

n · a(X n)).

Terminal value: output layer.

Initial value: labeled data in training set.
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Anisotropic Diffusion

Anisotropic Diffusion Eq:

∂u

∂t
(x, t) + v(x, t) · ∇u(x, t) = ∇ · (σTσ∇u), x ∈ Rd , t ≥ 0,

u(x, 1) = f (x), x ∈ Rd ,

u(xi , 0) = g(xi ), xi ∈ T .
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Adversarial Attack: Convection-Diffusion Eq.

Figure: Example of adversarial attack (Goodfellow et.al. ICLR, 2015).
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Adversarial Attack: Convection-Diffusion Eq.

Convection-Diffusion Eq:

∂u

∂t
(x, t) + v(x, t) · ∇u(x, t) = µ∆u, x ∈ Rd , t ≥ 0,

u(x, 1) = f (x), x ∈ Rd ,

u(xi , 0) = g(xi ), xi ∈ T .

Feynman-Kac Formula:

u(x , 0) = E [f (X(1))|X(0) = x ] ,

where X(t) is a diffusion process,

dX(t) = v(X(t),W (t))dt + σdBt .
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Adversarial Attack: Convection-Diffusion Eq.

Figure: ε v.s. accuracy for ResNet20 and EnResNet trained by using PGD
adversarial training..

Zuoqiang Shi, Dept. Math, Tsinghua PDE Models



Model Anat Arob (FGSM) Arob (IFGSM20) Arob (C&W)

ResNet20 75.11 50.89 46.03 58.73
En1ResNet20 77.21 55.35 49.06 65.69
En2ResNet20 80.34 57.23 50.06 66.47
En5ResNet20 82.52 58.92 51.48 67.73

ResNet44 78.89 54.54 48.85 61.33
En1ResNet44 82.03 57.80 51.83 66.00
En2ResNet44 82.91 58.29 51.86 66.89

ResNet110 82.19 57.61 52.02 62.92
En2ResNet110 82.43 59.24 53.03 68.67

En1WideResNet34-10 86.19 61.82 56.60 69.32

Table: Natural and robust accuracies on CIFAR10. Unit: %.
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Anisotropic Diffusion

Anisotropic Diffusion Eq:

∂u

∂t
(x, t) + v(x, t) · ∇u(x, t) = ∇ · (σTσ∇u), x ∈ Rd , t ≥ 0,

u(x, 1) = f (x), x ∈ Rd ,

u(xi , 0) = g(xi ), xi ∈ T .

Main Difficulty:

How to identify σ to capture the main diffusion directions.

Zuoqiang Shi, Dept. Math, Tsinghua PDE Models



Anisotropic Diffusion

∂‖∇u(x, t)‖2
2

∂t
+ v(x, t) · ∇

(
‖∇u(x, t)‖2

2

)
= (∇u)T · ∇v · ∇u,

Observation:

Diffusion directions should be related to eigenvectors of ∇v .
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Anisotropic Diffusion
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Figure: Robust accuracies under FGSM attack in Cifar10.
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PDE Models

PIM, WNLL,
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Laplace Eq. with DNN
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Laplace Eq. with DNN

(X,Y)

X̃ = DNN(X,Θ)

∆MỸ = 0

Loss(Y, Ỹ)

Figure: Metric learning by DNN.
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Laplace Eq. with DNN

(X,Y)

X̃ = DNN(X,Θ)

Ŷ = Linear(X̃,WL) ∆MỸ = 0

Loss(Ỹ,Y)

Figure: Training the DNN model.

Zuoqiang Shi, Dept. Math, Tsinghua PDE Models



Cifar10 dataset

Figure: Cifar10 Dataset.
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Preliminary Result

Network Vanilla DNN WNLL DNN

VGG11 9.23% 7.35%

VGG13 6.66% 5.58%

VGG16 6.72% 5.69%

VGG19 6.95% 5.92%

ResNet18 6.16% 4.65%

ResNet34 5.93% 4.26%

ResNet50 6.24% 4.17%

PreActResNet18 6.21% 4.74%

PreActResNet34 6.08% 4.40%

PreActResNet50 6.05% 4.27%

Table: Error rate of vanilla Deep Neural Network (DNN) v.s. WNLL activated
DNN over the whole Cifar10 dataset. (Median of 5 independent trials)
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Preliminar Result

Network Vanilla DNN WNLL DNN

VGG11 26.75% 24.10%

VGG13 24.85% 22.56%

VGG16 25.41% 22.23%

VGG19 25.70% 22.87%

ResNet18 27.02% 22.48%

ResNet34 26.47% 20.27%

ResNet50 29.69% 20.19%

PreActResNet18 27.36% 21.88%

PreActResNet34 23.56% 19.02%

PreActResNet50 25.05% 18.61%

Table: Error rate of vanilla DNN v.s. WNLL activated DNN over the first 1000
training set and entire test set of the Cifar10 dataset. (Median of 5
independent trials)
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Summary and Future Works

PIM, WNLL,Metric:
DNN,

Covariance
· · · · · ·

Transform:
Dictionary learning

· · · · · ·
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