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Formulation

Wijhk = ¢

| Integer Quadratic Programming (IQP) problem
T
max y:%_j y:hk Wi nkXii Xk = vec (X)) Wvec (X)

st. X1=1,X"1<1,X;; €{0.1}

@ NP-hard problem

. B Approximate solution
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Continuous Relaxation

max vec (X)"Wvee (X) st X1=1.XT1< lw

{ Continuous relaxation

ocal optimal for
the relaxed
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~optimization
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Local sparse matching

max vee(X) Mvee(X) st || X[l ,=1X; > 0]
3 ,

L12 norm

( N\

B —1/2

2
X ),= z[zmg |]
i\ J

Local sparse

» L1 norm on each row encourages sparsity

» L2 norm on rows encourages that there is no zero row
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(1)

K:
X; =X | —L |, 2 = vee(X?) Mvee(X"”)
A3 X

K(t} = R™*™ s the matrix form of [W(ﬂ vec (X(”‘]]

- /

.

Theorem 1 Update rule satisfies the first-order Karush-Kuhn-Tucker
(KKT)optimality condition.

Theorem 2 Under the update rule, the Lagrangian function L£(X)
is monotonically increasing.

LX) =) Z WX X — AeTXTXe — 1)
¥]

)
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Integer Quadratic Programming (IQP) problem
T
max y:ij y:hk Wi niXii Xnie = vec (X))~ Wvec (X)

st X1=1X"1<1[X;; € {0,1}

T
max y;ij y:hk WiintXij Xne = vec/X) ™ Wvec (X)

st X1=1XT1<1[X|2=r
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BPGM formulation

max X WX s.t. AX=1.x; > 0,[\\3{”% — 7,
X
|hgl|2 <~ < n, wherehy = AT(AAT)"11
7] i H
N EEN _ FH # ||

N
it
Sl Eedi e
=

=15

B

» As Y becomes larger, the more closely x approximates to discrete
» It provides a series of relaxation models
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Bo Jiang, et al., Binary constraint preserving graph matching, CVPR 2017
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Theoretical analysis

max X'Wx s.t. Ax=1x; > 0,[\\7{”3 = ﬁ;f-.]

X

Property 1. When Y = n, where n is the number of features, BPGM
model is equivalent to original matching problem

max X Wx s.t. Ax=1,x; € {0,1} (1)

X

Property 2. When Y = ||x||, where x* is the optimal solution of problem
(2), BPGM model is equivalent to the matching problem (2)

max X'Wx s.t. Ax=1, x; > 0. (2)

X

Balanced model between (1) and (2)

B e O e s
Bo Jiang, et al., Binary constraint preserving graph matching, CVPR 2017 il
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Theoretical analysis

max X'Wx st Ax=1x; > UT[H’X”% = f-;f-.]

X

Lemma 3. There exists a parameter Y, such that BPGM with Y=Y, has
a global optimal solution

Path-following strategy

max X Wx s.t. AX = 1.x; > 0. [[x||2 =
Starting from global optimal solution and aims to obtain
the discrete solution

B e O e s
Bo Jiang, et al., Binary constraint preserving graph matching, CVPR 2017
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x"T1 = arg min ||v — Wx"||3
v W=W+A\,I
st. Av=1,||v[|3=~,v;, >0
-

§
|

CgPl(v) —argmin|[v—ul]5 s.t. Av=1,|v|]53 =7

Vv

P>(v) = argmin |[v —u|[5 s.t.v; >0

- v J

Theorem 1 Under the update projection Eq.(7), the graph matching
objective function J,, = x' WX is monotonically increasing.

B e O e s
Bo Jiang, et al., Binary constraint preserving graph matching, CVPR 2017
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max - vec (X)W vec (X)

st. X1=1,XT1=1, X;, €{0,1}

Traditional methods A
/ \

Doubly stochastic relaxation Doubly stochastic relaxation
T
X1=1X"1=1X;;>0 X1=1,X"1=1,X;; >0
Local optimal —
! for the relaxed Local optimal for
Continuous 7 problem the relaxed
optimization problem
Continuous
[ Continuous solution ] Hungarian optimization
algorithm ‘
: A A local optima
Post-discretization for the original
N problem

r

[ Discrete solution Discrete solution ]

Not a local
optima for the
original problem
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Doubly-stochastic Relaxation

max vec (X)W vec (X)

st.X1=1,X"1=1,X;; >0
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Doubly-stochastic Relaxation

max vec (X)W vec (X)

. x = vec (X)
st.X1=1,X"1=1,X;;, >0

T T

,C(X) :XTWX—ZAi(ZX?;j —1)— I‘j(inj —1)—ZZA”X”
i=1 j=1 1=1

j=1 i=1 j=1
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Doubly-stochastic Relaxation

max vec (X)W vec (X)

. x = vec (X)
st.X1=1,X"1=1,X;;, >0

n

,C(X) :TWX — y:Ag y:xij — 1) —
j=1

1=1

) -1 => 3 Aux,
=1

o
j=1 i=1 j=1
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Doubly-stochastic Relaxation

max vec (X)W vec (X)

st.X1=1,X"1=1,X;; >0
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Doubly-stochastic Relaxation

max vec (X)W vec (X)

st.X1=1,X"1=1,X;; >0

[Q(Wx)kl — Ak — Fl]xkl =0
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Doubly-stochastic Relaxation

max . vec (X)W vec (X)

st.X1=1,X"1=1,X;; >0

(. ) 2(0WX)g — A — T =0
OL(X) — O(Wx)u — Ap Ty Ag =0 [ (WX) 1 k Z]Xkl

8£(X ZXM B 1

OX

OAy — _
OL(x) _ 2 xp(Wx)e — > Tixp — Ay = o]
8:[‘ Zxkl o 1 =1 =1
l n n
\. AiXp = 0) QZXM(WX)M - Z Ax — I =0
| k=1 k=1
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Doubly-stochastic Relaxation

max . vec (X)W vec (X)

st.X1=1,X"1=1,X;; >0

( N B B B
OL(x 20WxX)py — A — T x5 =0
a()ZQ(WX)M—Ak—I‘g—AM:O [ ]
Xkl
Ay = (Cx . n
OL(x) _ 2 xp(Wx)e — > Tixp — Ay = o]
oT ZX“ -1 -1 =1
l n n
\. AiXp = 0) QZXM(WX)M - ZAkal —I'; =0
| k=1 k=1

2 diag(KX") — A — XT =0,
2diag(K'X) - T —X'A =0
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Doubly-stochastic Relaxation

max . vec (X)W vec (X)

st.X1=1,X"1=1,X;; >0

i ) 20Wx) — A — Iy |x5 =0
8(5(31) = 2(Wx)p — Ap — Ty — Ay =0 [ ( ) ]
Xkl
8;152 Zxkg - 1 p - _
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Doubly-stochastic Relaxation

max vec (X)W vec (X)

st.X1=1,X"1=1,X;; >0

Solution update
[E(x) CEWx =3 A x-Sk 1)J
i—1 =1

=1 i=1
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Doubly-stochastic Relaxation

[m}?}c vec (X)W vec (X) }
0
EC(X) — XTWX — iAg(inJ — ].) — ZH:I‘J (i:x?;j — 1)}

/

st.X1=1,X"1=1X; >

d(x,x) = L(x), P(x,X) < L(x)

x) = arg max ®(x, x")
L(x(t)) — (I)(X(t),x(t)) < L(x(t“))

\
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Convergence

"Theorem 1. Under update, the Lagrangian function L£(x) is monotonically

increasing,

@here A, T are Lagrangian multipliers.

Optimality

Theorem 2. Under update, the converged solution x* is Karush-Kuhn
Tucker (KKT) optimal.

Bo Jiang, et al., Graph Matching via Multiplicative Update Algorithm, NIPS 2017
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Figure 2: Comparison results of different methods on synthetic point sets matching
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<+ Sparse relaxation model for matching problem
<+ Binary constraint preserving model for matching
<+ Multiplicative update algorithm for matching

“» More theoretical analysis on Multiplicative matching
“» More effective algorithm to solve sparse matching model
<+ Matching objective relaxation
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