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Background 
• Optimization is everywhere 

Compressed Sensing: min
x
kxk1; s:t: Ax = b:

RPCA w/ Missing Value: minkAk¤+ ķEk1; s:t: ¼¤(A+E) = d:

LASSO: min
x
kAx¡ bk2; s:t: kxk1 <= ":

Image Restoration: min
x
kAx¡ bk22 + j̧jrxjj1; s:t: 0 <= x <= 255:

Covariance Selection: min
X

tr(§X)¡ log(det(X)) +½eT jXje;

Pose Estimation: min
Q

tr(WQ); s:t: tr(AiQ) = 0; i = 1;¢¢¢;m;

Q < 0; rank(Q) <= 1:

s:t: X 2 Sn¤; where Sn¤ = fX < 0j m̧inI 4X 4 m̧axIg



Alternating Direction Method 
(ADM) 

Model Problem:

min
x1;x2

f1(x1) + f2(x2);

s:t: A1(x1) +A2(x2) = b;

where fi are convex functions and Ai are linear mappings.

xk+11 = argmin
x1

~L(x1;xk2; ¸k);

xk+12 = argmin
x2

~L(xk+11 ;x2; ¸
k);

¸k+1 = ¸k + k̄[A1(x
k+1
1 ) +A2(x

k+1
2 )¡ b]:

~L(x1;x2; )̧ = f1(x1) + f2(x2) + h ;̧A1(x1) +A2(x2)¡ bi
+¯

2
kA1(x1) +A2(x2)¡ bk2F ;

Update k̄

Assume: Easy 

Augmented 
Lagrangian Function 



x 

Tε(x) 

Linearized Alternating Direction 
Method (LADM) 

xk+11 = argmin
x1

f1(x1) +
k̄

2
kA1(x1) +A2(x

k
2)¡ b+ ķ= k̄k2;

xk+12 = argmin
x2

f2(x2) +
k̄

2
kA2(x

k+1
1 ) +A2(x2)¡ b+ ķ= k̄k2

Lin et al., Linearized Alternating Direction Method with Adaptive Penalty for Low-Rank Representation, NIPS 2011. 

min
x
f1(x) +

¯

2
kx¡wk2F min

x
f2(x) +

¯

2
kx¡wk2F

argmin
x
kxk1 +

¯

2
kx¡wk2 = T¯¡ 1(w);

T"(x) = sgn(x)max(jxj ¡ ";0):

Proximal 
Operation 

argmin
X

kXk¤+
"

2
kX ¡Wk2F = £"¡ 1(W ) = UT"¡ 1(S)V T ;

where W = USV T is the singular value decomposition (SVD) of W .



Linearized Alternating Direction 
Method (LADM) 

Lin et al., Linearized Alternating Direction Method with Adaptive Penalty for Low-Rank Representation, NIPS 2011. 

Introducing auxiliary variables:

min
x1;x2;x3;x4

f1(x1) + f2(x2);

s:t: x1 = x3;x2 = x4;A1(x3) +A2(x4) = b:

~L(x1;x2;x3;x4; 1̧; 2̧; 3̧)

= f1(x1) + f2(x2) + h 1̧;x1 ¡ x3i+ h 2̧;x2 ¡ x4i+ h 3̧;A1(x3) +A2(x4)¡ bi
+¯

2

¡
kx1 ¡ x3k2F + kx2 ¡ x4k2F + kA1(x3) +A2(x4)¡ bk2F

¢
;

Three drawbacks:

1. More blocks ¡! more memory & slower convergence.

2. Matrix inversion is expensive.

3. Convergence is NOT guaranteed!



Linearized Alternating Direction 
Method (LADM) 

 

 

• Linearize the quadratic term 

 

 

 

 

 

xk+11 = argmin
x1

f1(x1) + hA¤1( ķ) + k̄A¤1(A1(x
k
1) +A2(x

k
2)¡ b);x1 ¡ xk1i

+ k̄ 1́

2
kx1 ¡ xk1k2

= argmin
x1

f1(x1)

+ k̄ 1́

2
kx1 ¡ xk1 +A¤1( ķ + k̄(A1(x

k
1) +A2(x

k
1)¡ b))=( k̄ 1́)k2;

Lin et al., Linearized Alternating Direction Method with Adaptive Penalty for Low-Rank Representation, NIPS 2011. 

min
x
f1(x) +

¯

2
kx¡wk2F min

x
f2(x) +

¯

2
kx¡wk2F

xk+11 = argmin
x1

f1(x1) +
k̄

2
kA1(x1) +A2(x

k
2)¡ b+ ķ= k̄k2;

xk+12 = argmin
x2

f2(x2) +
k̄

2
kA2(x

k+1
1 ) +A2(x2)¡ b+ ķ= k̄k2

hA¤(x); yi = hx;A(y)i; 8x; y Adjoint 
Operator 

xk+12 = argmin
x2

f2(x2)

+ k̄ 2́

2
kx2 ¡ xk2 +A¤2( ķ + k̄(A1(x

k+1
1 ) +A2(x

k
2)¡ b))=( k̄ 2́)k2:



Theorem: If f k̄g is non-decreasing and upper bounded, í > kAik2, i =
1; 2, then the sequence f(xk1;xk2 ; ķ)g converges to a KKT point of the model

problem.

Lin et al., Linearized Alternating Direction Method with Adaptive Penalty for Low-Rank Representation, NIPS 2011. 

LADM with Adaptive Penalty 
(LADMAP) 



LADM with Adaptive Penalty 
(LADMAP) 

Lin et al., Linearized Alternating Direction Method with Adaptive Penalty for Low-Rank Representation, NIPS 2011. 

• Adaptive Penalty 

 

 

 

 

 

xk+11 = argmin
x1

f1(x1)

+ k̄ 1́

2
kx1 ¡ xk1 +A¤1( ķ + k̄(A1(x

k
1) +A2(x

k
1)¡ b))=( k̄ 1́)k2;

xk+12 = argmin
x2

f2(x2)

+ k̄ 2́

2
kx2 ¡ xk2 +A¤2( ķ + k̄(A1(x

k+1
1 ) +A2(x

k
2)¡ b))=( k̄ 2́)k2:

+

¡ k̄ 1́(x
k+1
1 ¡ xk1)¡ A¤1( ķ + k̄(A1(x

k
1) +A2(x

k
1)¡ b)) 2 @f1(x

k+1
1 )

¡ k̄ 2́(x
k+1
2 ¡ xk2)¡ A¤2( ķ + k̄(A1(x

k+1
1 ) +A2(x

k
2)¡ b)) 2 @f2(xk+12 )

KKT condition: 9(x¤;y¤; ¤̧) such that

A1(x
¤
1) +A2(x

¤
2)¡ b = 0;

¡A¤1( ¤̧) 2 @f1(x¤1);¡A¤2( ¤̧) 2 @f2(x
¤
2):



LADM with Adaptive Penalty 
(LADMAP) 

Lin et al., Linearized Alternating Direction Method with Adaptive Penalty for Low-Rank Representation, NIPS 2011. 

• Adaptive Penalty 

 

 

 

 

 

k̄+1 = min( m̄ax; ½̄ k);

½=

½
½0; if k̄max(

p
1́kxk+11 ¡ xk1kF ;

p
2́kxk+12 ¡ xk2kF )=kbkF < "2;

1; otherwise;

where ½0 ¸ 1 is a constant.

• Loop until 

 

 

 

 

 

kA1(x
k+1
1 ) +A2(x

k+1
2 )¡ bkF < "1;

k̄max(
p

1́kxk+11 ¡ xk1kF ;
p

2́kxk+12 ¡ xk2k)=kbkF < "2:

Both k̄ 1́kxk+11 ¡xk1k=kA¤1(b)k and k̄ 2́kxk+12 ¡xk2k=kA¤2(b)k should be small.

í = kAik2 ) Approximate kA¤i (b)k by
p

íkbk



LADM with Adaptive Penalty 
(LADMAP) 

Lin et al., Linearized Alternating Direction Method with Adaptive Penalty for Low-Rank Representation, NIPS 2011. 

• Choice of parameters 

 

 

 

 

 

1. 0̄ = ®"2, where ®/ the size of b. 0̄ should not be too large, so that k̄

increases in the r̄st few iterations.

2. ½0 ¸ 1 should be chosen such that k̄ increases steadily (but not necessarily

every iteration).

¯

k



• An example (LRR):  

min
Z;E

kZk¤+¹kEk1; s:t: X =XZ +E:

Lin et al., Linearized Alternating Direction Method with Adaptive Penalty for Low-Rank Representation, NIPS 2011. 

A1(Z) =XZ; A2(E) =E:

A¤1(Z) =XTZ; A¤2(E) =E; 1́ = kXk22; 2́ = 1:

LADM with Adaptive Penalty 
(LADMAP) 



Experiment 
Table 1: Comparison among APG, ADM, LADM and LADMAP on the syn-

thetic data. For each quadruple (s, p, d, ~r), the LRR problem, with ¹= 0:1, was

solved for the same data using di®erent algorithms. We present typical running

time (in £103 seconds), iteration number, relative error (%) of output solution

(Ê; Ẑ) and the clustering accuracy (%) of tested algorithms, respectively.

Size (s, p, d, ~r) Method Time Iter.
kẐ¡Z0k
kZ0k

kÊ¡E0k
kE0k Acc.

(10, 20,200, 5)

APG 0.0332 110 2.2079 1.5096 81.5

ADM 0.0529 176 0.5491 0.5093 90.0

LADM 0.0603 194 0.5480 0.5024 90.0

LADMAP 0.0145 46 0.5480 0.5024 90.0

(15, 20,300, 5)

APG 0.0869 106 2.4824 1.0341 80.0

ADM 0.1526 185 0.6519 0.4078 83.7

LADM 0.2943 363 0.6518 0.4076 86.7

LADMAP 0.0336 41 0.6518 0.4076 86.7

(20, 25, 500, 5)

APG 1.8837 117 2.8905 2.4017 72.4

ADM 3.7139 225 1.1191 1.0170 80.0

LADM 8.1574 508 0.6379 0.4268 80.0

LADMAP 0.7762 40 0.6379 0.4268 84.6

(30, 30, 900, 5)

APG 6.1252 116 3.0667 0.9199 69.4

ADM 11.7185 220 0.6865 0.4866 76.0

LADM N.A. N.A. N.A. N.A. N.A.

LADMAP 2.3891 44 0.6864 0.4294 80.1



• Model problem: 

min
x1;¢¢¢;xn

nX

i=1

fi(xi); s:t:

nX

i=1

Ai(xi) = b:

Lin et al., Linearized Alternating Direction Method with Parallel Splitting and Adaptive Penalty for Separable Convex 
Programs in Machine Learning, ML, 2015. 

LADM with Parallel Splitting and 
Adaptive Penalty (LADMPSAP) 

min
X
kXk¤+

1

2¹
kb¡ P(X)k2; s:t: X ¸ 0;

+

min
X;e

kXk¤+
1

2¹
kek2; s:t: b = P(X) + e; X ¸ 0;

+

min
X;Y;e

kXk¤+
1

2¹
kek2; s:t: b = P(Y) + e; X =Y; Y ¸ 0;

+

min
X;Y;e

kXk¤+
1

2¹
kek2 +ÂY¸0(Y); s:t: b = P(Y) + e; X =Y:



• Can we naively generalize two-block LADMAP for multi-block 
problems? 

Lin et al., Linearized Alternating Direction Method with Parallel Splitting and Adaptive Penalty for Separable Convex 
Programs in Machine Learning, ML, 2015. 
C. Chen et al. The Direct Extension of ADMM for Multi-block Convex Minimization Problems is Not Necessarily 
Convergent. Preprint. 

LADM with Parallel Splitting and 
Adaptive Penalty (LADMPSAP) 

No! 

Actually, the naive generalization of LADMAP may be divergent, e.g., when

applied to the following problem with n ¸ 5:

min
x1;¢¢¢;xn

nX

i=1

kxik1; s:t:

nX

i=1

Aixi = b:



Lin et al., Linearized Alternating Direction Method with Parallel Splitting and Adaptive Penalty for Separable Convex 
Programs in Machine Learning, ML, 2015. 

LADM with Parallel Splitting and 
Adaptive Penalty (LADMPSAP) 

xk+1i = argmin
xi

fi(xi)+
í k̄

2

°°°°°°
xi ¡ xki +A¤i

0
@¸k + k̄

0
@

nX

j=1

Ai(x
k
j )¡ b

1
A
1
A =( í k̄)

°°°°°°

2

;

i = 1;¢¢¢; n; i¡1P
j=1

Ai(x
k+1
j ) +

nP
j=i

Ai(x
k
j )

¸k+1 = ¸k + k̄

Ã
nX

i=1

Ai(x
k+1
i )¡ b

!
;

k̄+1 = min( m̄ax; ½̄ k);

where

½=

½
½0; if k̄max

¡©p
í

°°xk+1i ¡ xki
°°; i = 1;¢¢¢; n

ª¢
= kbk < "2;

1; otherwise;

with ½0 > 1 being a constant and 0 < "2 ¿ 1 being a threshold.

Parallel! 



Lin et al., Linearized Alternating Direction Method with Parallel Splitting and Adaptive Penalty for Separable Convex 
Programs in Machine Learning, ML, 2015. 

LADM with Parallel Splitting and 
Adaptive Penalty (LADMPSAP) 

Theorem: If f k̄g is non-decreasing and upper bounded, í > nkAik2, i =
1;¢¢¢; n, then f(fxki g; ¸k)g generated by LADMPSAP converges to a KKT point

of the problem.

Remark: When n = 2, LADMPSAP is weaker than LADMAP:

í > 2kAik2 vs. í > kAik2:

• Related work: He & Yuan, Linearized Alternating Direction Method with 
Gaussian Back Substitution for Separable Convex Programming, preprint. 
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LADM with Parallel Splitting and 
Adaptive Penalty (LADMPSAP) 

min
x1;¢¢¢;xn

nX

i=1

fi(xi); s:t:

nX

i=1

Ai(xi) = b; xi 2 Xi; i = 1;¢¢¢; n;

where Xi µ Rdi is a closed convex set.

Theorem: If f k̄g is non-decreasing and upper bounded, xn+1;¢¢¢;x2n are

auxiliary variables, í > nkAik2 + 2, ń+i > 2, i = 1;¢¢¢; n, then f(fxki g;¸k)g
generated by LADMPSAP converges to a KKT point of the problem.

• Model problem: 

+

min
x1;¢¢¢;x2n

nX

i=1

fi(xi)+

2nX

i=n+1

Âxi2Xi¡ n(xi); s:t:

nX

i=1

Ai(xi) = b;xi = xn+i; i = 1;¢¢¢; n:

í > 2n(kAik2+1); ń+i > 2n; i = 1;¢¢¢; n



Experiment 

min
X
kXk¤+

1

2¹
kb¡ P(X)k2; s:t: X ¸ 0;

Lin et al., Linearized Alternating Direction Method with Parallel Splitting and Adaptive Penalty for Separable Convex 
Programs in Machine Learning, ML, 2015. 

+

min
X;Y;e

kXk¤+
1

2¹
kek2 +ÂY¸0(Y); s:t: b = P(Y) + e; X =Y:



Experiment 
Table 1: Numerical comparison on the NMC problem with synthetic data, aver-

age of 10 runs. q, t and dr denote, respectively, sample ratio, the number of mea-

surements t = q(mn) and the \degree of freedom" de n̄ed by dr = r(m+n¡ r)

for a matrix with rank r and q. Here we set m = n and x̄ r = 10 in all the

tests.

X LADM LADMPSAP

n q t=dr Iter. Time(s) RelErr FA Iter. Time(s) RelErr FA

1000
20% 10.05 375 177.92 1.35E-5 6.21E-4 58 24.94 9.67E-6 0

10% 5.03 1000 459.70 4.60E-5 6.50E-4 109 42.68 1.72E-5 0

5000
20% 50.05 229 1613.68 1.08E-5 1.93E-4 49 369.96 9.05E-6 0

10% 25.03 539 2028.14 1.20E-5 7.70E-5 89 365.26 9.76E-6 0

10000 10% 50.03 463 6679.59 1.11E-5 4.18E-5 89 1584.39 1.03E-5 0

Table 1: Numerical comparison on the image inpainting problem.

Method #Iter. Time(s) PSNR FA

FPCA 179 228.99 27.77dB 9.41E-4

LADM 228 207.95 26.98dB 2.92E-3

LADMPSAP 143 134.89 31.39dB 0

Lin et al., Linearized Alternating Direction Method with Parallel Splitting and Adaptive Penalty for Separable Convex 
Programs in Machine Learning, ML, 2015. 
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LADM with Parallel Splitting and 
Adaptive Penalty (LADMPSAP) 

Enhanced convergence results:

Theorem 1: If f k̄g is non-decreasing and
+1P
k=1

¡̄1
k = +1, í > nkAik2,

@fi(x) is bounded, i = 1;¢¢¢; n, then the sequence fxki g generated by LADMP-

SAP converges to an optimal solution to the model problem.

Theorem 2: If f k̄g is non-decreasing, í > nkAik2, @fi(x) is bounded,

i = 1;¢¢¢; n, then
+1P
k=1

¡̄1
k = +1 is also the necessary condition for the global

convergence of fxki g generated by LADMPSAP to an optimal solution to the

model problem.

With the above analysis, when all the subgradients of the component objective

functions are bounded we can remove the upper bound m̄ax.



Lin et al., Linearized Alternating Direction Method with Parallel Splitting and Adaptive Penalty for Separable Convex 
Programs in Machine Learning, ML, 2015. 
B. S. He and X. Yuan. On the O(1/t) convergence rate of alternating direction method. Preprint, 2011. 

LADM with Parallel Splitting and 
Adaptive Penalty (LADMPSAP) 

De n̄e x = (xT1 ;¢¢¢;xTn )T , x¤ = ((x¤1)
T ;¢¢¢; (x¤2)T )T and f(x) =

nP
i=1

fi(xi),

where (x¤1;¢¢¢;x¤2; ¤̧) is a KKT point of the model problem.

Proposition: ~x is an optimal solution to the model problem i® there exists

®> 0, such that

f(~x)¡ f(x¤) +

nX

i=1

hA¤i ( ¤̧); ~xi ¡ x¤i i+®

°°°°°
nX

i=1

Ai(~xi)¡ b

°°°°°

2

= 0:

Our criterion for checking the optimality of a solution is much simpler than that

in He et al. 2011, which has to compare with all (x1;¢¢¢;xn; )̧ 2 Rd1 £ ¢¢¢£
Rdn £ Rm.



LADM with Parallel Splitting and 
Adaptive Penalty (LADMPSAP) 

Theorem 3: De n̄e ¹xK =
KP
k=0

°kx
k+1, where °k =

¡̄1
k =

KP
j=0

¡̄1
j . Then

f(¹xK)¡f(x¤)+
nX

i=1


A¤i ( ¤̧);¹xKi ¡ x¤i

®
+
® 0̄

2

°°°°°
nX

i=1

Ai(¹x
K
i ) ¡ b

°°°°°

2

<= C0=

Ã
2

KX

k=0

¡̄1
k

!
;

(1)

where®¡1 = (n+1)max

Ã
1;

(
kAik2

í ¡ nkAik2
; i = 1;¢¢¢; n

)!
and C0 =

nP
i=1

í

°°x0i ¡ x¤i
°°2

+ ¡̄2
0

°°̧ 0 ¡ ¤̧°°2.

Lin et al., Linearized Alternating Direction Method with Parallel Splitting and Adaptive Penalty for Separable Convex 
Programs in Machine Learning, ML, 2015. 
B. S. He and X. Yuan. On the O(1/t) convergence rate of alternating direction method. Preprint, 2011. 

A much simpler proof of convergence rate (in ergodic sense)! 



Proximal LADMPSAP 

• Even more general problem: 

min
x1;¢¢¢;xn

nX

i=1

fi(xi); s:t:

nX

i=1

Ai(xi) = b:

fi(xi) = gi(xi) + hi(xi);

where both gi and hi are convex, gi is C
1;1:

krgi(x)¡ rgi(y)k <= Likx¡ yk; 8x; y 2 Rdi ;

and hi may not be di®erentiable but its proximal operation is easily solvable.



Proximal LADMPSAP 

• Linearize the augmented term to obtain:  

xk+1i = argmin
xi

hi(xi)+gi(xi)+
¾
(k)

i

2

°°°xi ¡ xki +A
y
i (
^̧k)=¾

(k)

i

°°°
2

; i = 1;¢¢¢; n;

• Further linearize gi:  

xk+1i = argmin
xi

hi(xi) + gi(x
k
i ) +

¾
(k)

i

2

°°°Ayi (^̧k)=¾
(k)

i

°°°
2

+hrgi(xki ) +Ayi (^̧k);xi ¡ xki i+
¿
(k)

i

2

°°xi ¡ xki
°°2

= argmin
xi

hi(xi) +
¿
(k)

i

2

°°°°xi ¡ xki +
1

¿
(k)

i

[Ayi (^̧k) +rgi(xki )]
°°°°
2

:

¿
(k)

i = Ti+ k̄ í, where Ti ¸ Li and í > nkAik2 are both positive constants.

• Convergence condition:  



Experiment 

• Group Sparse Logistic Regression with Overlap 

min
w;b

1

s

sX

i=1

log
¡
1 + exp

¡
¡yi(wTxi + b)

¢¢
+¹

tX

j=1

kSjwk; (1)

where xi and yi, i = 1;¢¢¢; s, are the training data and labels, respectively, and
w and b parameterize the linear classi ēr. Sj , j = 1;¢¢¢; t, are the selection
matrices, with only one 1 at each row and the rest entries are all zeros. The

groups of entries, Sjw, j = 1;¢¢¢; t, may overlap each other.

Introducing ¹w = (wT ; b)T , ¹xi = (xTi ; 1)
T , z = (zT1 ; z

T
2 ;¢¢¢; zTt )T , and ¹S =

(S;0), where S = (ST1 ;¢¢¢;STt )T , (1) can be rewritten as

min
¹w;z

1

s

sX

i=1

log
¡
1 + exp

¡
¡yi( ¹wT¹xi)

¢¢
+¹

tX

j=1

kzjk; s:t: z = ¹S¹w; (2)

The Lipschitz constant of the gradient of logistic function with respect to ¹w

can be proven to be L¹w · 1
4s
k¹Xk22, where ¹X = (¹x1;¹x2;¢¢¢;¹xs).



Experiment 

(s, p, t, q) Method Time #Iter.
k ¹̂w¡ ¹w¤k
k¹w¤k

kẑ¡z¤k
kz¤k

(300, 901, 100, 10)

ADM 294.15 43 0.4800 0.4790

LADM 229.03 43 0.5331 0.5320

LADMPS 105.50 47 0.2088 0.2094

LADMPSAP 57.46 39 0.0371 0.0368

pLADMPSAP 1.97 141 0.0112 0.0112

(450, 1351, 150, 15)

ADM 450.96 33 0.4337 0.4343

LADM 437.12 36 0.5126 0.5133

LADMPS 201.30 39 0.1938 0.1937

LADMPSAP 136.64 37 0.0321 0.0306

pLADMPSAP 4.16 150 0.0131 0.0131

(600, 1801, 200, 20)

ADM 1617.09 62 1.4299 1.4365

LADM 1486.23 63 1.5200 1.5279

LADMPS 494.52 46 0.4915 0.4936

LADMPSAP 216.45 32 0.0787 0.0783

pLADMPSAP 5.77 127 0.0276 0.0277



Conclusions 

• LADMAP, LADMPSAP, and P-LADMPSAP are very 
general methods for solving various convex programs. 

• Adaptive penalty is important for fast convergence. 



Thanks! 
• zlin@pku.edu.cn 

– http://www.cis.pku.edu.cn/faculty/vision/zlin/zlin.htm  
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